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(&) ABSTRACT

A three-dimensional scene is reproduced on a specialized
light display which offers full multiviewpoint capability and
autostereoscopic views. The displayed image is produced
using a set of M two-dimensional images of the scene
collected at a set of distinct spatial locations. These M
two-dimensional images are processed through a specialized
mathematical encoding scheme to obtain a set of NxK
display-excitation electrical-input signals, where K is the
number of pixels in the display, and N=M is the number of
individual light-radiating elements within one pixel. The
display is thus comprised of a total of NxK light-radiating
elements. Each of the K pixels is adapted for control of their
associated radiance patterns. The display is connected for
response to the set of NxK display-excitation electrical-
input signals. The display provides a multiviewpoint and
autostereoscopic three-dimensional image associated with
the original three-dimensional scene. An alternative embodi-
ment of the invention is utilized to provide efficient storage
and display of 3D computer graphics images.

24 Claims, 26 Drawing Sheets
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THREE-DIMENSIONAL DISPLAY SYSTEM:
APPARATUS AND METHOD

RELATED CASE

This application is a continuation-in-part of copending
application Ser. No. 09/140,912 filed Aug. 27, 1998, entitled
THREE-DIMENSIONAL DISPLAY SYSTEM: APPARA-
TUS AND METHOD, naming as inventors Alessandro
Chiabrera, Bruno Bianco and Jonathan J. Kaufman, which is
a continuation-in-part of copending application Ser. No.
08/910,823, filed Aug. 13, 1997, which is a continuation-
in-part of copending application Ser. No. 08/655,257, filed
Jun. 5, 1996.

BACKGROUND OF THE INVENTION

The invention pertains to apparatus and method for three-
dimensional display of three-dimensional objects and
scenes.

In recent years, various attempts have been made to create
three-dimensional displays for various applications, particu-
larly three-dimensional television. Because of the inherent
mathematical and practical complexities in the three-
dimensional imaging problem, as well as the ad hoc nature
of previous approaches, the degree of success thus far has
been rather limited.

Most developments in three-dimensional display systems
have been primarily in stereoscopic techniques, and incor-
porating a set of discrete multiviews of the three dimen-
sional scenes. These have included both binocular parallax
and autostereoscopic three-dimensional systems. Stereo-
scopic techniques typically require the observer to use a
viewing device. In contrast autostereoscopic techniques,
which include for example, holographic, lenticular screens
and parallax barriers, produce three-dimensional appearance
without the use of any special viewing device. The article by
Motoki, Isono and Yuyama, in the Proceedings of the IEEE,
Vol 83, No. 7, July, 1995, pp. 1009-1021, provides a
convenient summary of the present state of the art of
three-dimensional television, one of the major applications
of three-dimensional display systems. As of yet, there is not
a practical system which may be considered to offer all of
the capabilities necessary to achieve widespread success.

Nomura et al., in U.S. Pat. No. 5,493,427 disclosed
apparatus for three-dimensional display using a liquid crys-
tal panel. The inventors’ technique relies on simultaneously
displaying a plurality of distinct parallax images using a lens
with a variable optical characteristic attached to the liquid
crystal panel. An alternative embodiment incorporates a
head detecting section for detecting a spatial position of an
observer’s head, and a control section connected to the head
detecting section for controlling an operation of the optical
characteristic variable lens based on position information of
the observer’s head.

An autostereoscopic display system is disclosed by
Woodgate et al. in U.S. Pat. No. 5,465,175. The device
utilizes two lenticular screens and a plurality of light sources
which produce divergent light beams for displaying two
interlaced views, thereby producing an autostereoscopic
image. Another autostereoscopic display system is described
by Eichenlaub in U.S. Pat. No. 5,457,574. The inventor
discloses a display having an optical system and one or more
light sources which provide high brightness of the observed
three-dimensional images and a high brightness-to-input
power ratio. This is achieved by having the light pass
directly through the optical system directed to the observer’s
eyes, instead of being diffused across the field of view.
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Kurata et al. in U.S. Pat. No. 5,408,264, disclose a
three-dimensional image display apparatus for optically
synthesizing images formed on different surfaces on a
display screen. In their invention, a plurality of display
devices is used with a first and second optical means to
synthesize a plurality of images formed at different posi-
tions. In a preferred embodiment, the first optical means has
polarizing characteristics. In U.S. Pat. No. 5,497,189, Ari-
take et al., disclose a stereoscopic display apparatus which
is capable of displaying sequentially a plurality of
2-dimensional images of different visual directions.

Powell in U.S. Pat. No. 5,483,254 discloses a device for
forming and displaying stereoscopic images. The display is
comprised of a non-planar upper substrate having a series of
alternating raised and depressed regions and a non-planar
lower substrate having a shape corresponding to the upper
substrate, with an electrically controllable light transmissive
material contained within the two substrates. The 3D video
display device operates thereby to form and displace ste-
reoscopic images at predetermined viewing angles.

A system for displaying three dimensional video is dis-
closed by Carbery in U.S. Pat. No. 5,475,419. This invention
uses a dual-lensed video camera to generate signals repre-
senting a subject from each of two different perspectives.
The signals are spliced to form a combined video signal
consisting of an alternating series of fields representing the
image from two perspectives. The video signal is then sent
to a receiver including a video screen equipped with a
refracticular surface, thereby producing a stereoscopic
image towards the eyes of a viewer.

Thompson et al.,, in U.S. Pat. No. 5,446,479 disclose a
multidimensional array video processor system. The system
consists of a processor and a video memory. The processor
converts a stream of digital information to extract planes of
a three dimensional image to store into the video memory to
display a three dimensional image. A spatial light modulator
is connected to the video memory to receive and display a
plane of said image to display a three dimensional image.

Kuga, in U.S. Pat. No. 5,592,215 discloses a stereoscopic
picture system which uses multiple display panels having
three-dimensionally arranged pixels to produce a stereo-
scopic picture. The invention utilizes a simple coordinate
transformation to produce the picture on the three-
dimensional display.

Zellitt, in U.S. Pat. No. 5,790,086 discloses a 3-D imaging
system in which the apparent distance of a pixel of the image
is varied, on a pixel by pixel basis. This variation in
perceived distance is achieved using specially constructed
optical elements aligned with the pixels of the image. The
optical elements are formed such that the focal length of
each element varies across the surface of the optical element,
which allows the perception of different depths to be real-
ized.

The most advanced system for display of three-
dimensional scenes is based on holography, but a practical
realization is many years in the future. A review of this
approach may be found in the article by Benton, in the Proc.
TAO 1st Int. Symp. on 3D Image Communication Tech.,
1993, pp. S-3-1-1-S-3-1-6. Wakai et al. in U.S. Pat. No.
5,430,560 disclose a holographic image display system. The
system incorporates a coherent light source and a hologram
having a plurality of divided areas, which are sequentially
irradiated by the light source to thereby produce the three-
dimensional image signal.

The prior art, exemplified by the references that have been
briefly discussed, has focussed primarily either on stereo-
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scopic techniques with the use of polarizing or shutter
glasses, or relatively primitive autostereoscopic display sys-
tems. A major shortcoming of the prior art is its reliance on
stereoscopic imaging techniques, in which a set of distinct
perspective or parallax views are projected to the viewer in
essentially an ad hoc fashion, with no direct correspondence
to the radiance of the original three-dimensional scene. This
has led to the production of relatively poor three-
dimensional display systems. A true multiviewpoint autoste-
reoscopic system which can offer practical, cost effective, as
well as realistic and aesthetically acceptable images from a
continuum of viewpoints has not yet been developed.

BRIEF STATEMENT OF THE INVENTION

It is accordingly an object of the invention to provide an
improved method and apparatus for three-dimensional dis-
play of three-dimensional objects and scenes.

Another object is to meet the above object, such that the
three-dimensional image may be readily and more reliably
produced than heretofore.

Acrelated object is to provide a three-dimensional imaging
system in which both multiviewpoint—from a continuum of
viewpoints—and autostereoscopic capabilities, i.e., both ste-
reopsis and kineopsis, can be optimally obtained, without
requiring coherent illumination.

Another related object is to provide an optimal math-
ematical framework for synthesizing three-dimensional
images on a three-dimensional display system.

A specific object is to achieve the above objects with
small time delay if desired, using real-time signal processing
means, to enable for a given three-dimensional scene its
display in approximately real-time.

Another object is to utilize the optimal mathematical
framework for applications in computer graphics, to allow
both for efficient storage and display of images.

It is a general object to achieve the foregoing objects with
apparatus components many of which are commercially
available.

Briefly stated, the invention in its presently preferred form
achieves the foregoing objectives by recording a three-
dimensional scene with M television cameras, each placed
in a distinct position with respect to the scene being
recorded, and each producing a separate channel (i.e., view)
of recorded data. The M channels are processed at each point
in time (i.e., at each image frame) to optimally evaluate an
associated set of N tesseral coefficient functions in a finite
tesseral harmonic expansion of the scene radiance. These
tesseral coefficient functions are functions of the spatial
coordinates, x and y, in the three-dimensional scene coor-
dinate system (object space), which is assumed one-to-one
with the display coordinate system. The functions are used
in conjunction with a specialized display device, constructed
from a currently available model of a reflective light device,
namely an appropriately adapted digital micromirror device.
In the usual digital micromirror device the beam of light
reflected from each micromirror is either radiating “on”
directly towards the viewer in the direction orthogonal to the
surface of the device or radiating “off” out of view of the
observer to a light sink. In contrast, the new design is such
that each micromirror’s “on” position corresponds to the
beam of light being reflected in a specified angular but not
necessarily orthogonal direction. The display device design
is specified further such that each pixel of the K pixels in the
display device is comprised of a set of N (N=M)
micromirrors, each of these N micromirrors radiating (i.e.,
reflecting) a beam in a distinct direction when “on.” Each
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individual micromirror is “off” when it’s associated light
beam is directed to a light sink, and the position of each
micromirror is controlled by an electrical-input signal as
with the standard digital micromirror device. Further, each
sets of N micromirrors associated with all the display device
pixels have identical distributions in terms of their relative
directional orientations. The display device is controlled by
a set of NxK signals, known as the display-excitation
electrical-input signals; the specification of particular values
for the N display-excitation electrical-input signals at each
of the K pixels produces a specific radiance pattern associ-
ated with the display device. In the presently preferred
embodiment of the invention, N=4 micromirrors, K=512x
480=245,760 pixels and M=4 cameras (i.e., 4 two-
dimensional views), and the four micromirrors associated
with any display device pixel are directed at +10° vertically
and +10° horizontally, respectively. It should therefore be
understood that in the currently preferred embodiment a
total of 512x480x4=983,040 micromirrors are used for
display of the three-dimensional monochrome image.

A finite spherical or tesseral (the words “spherical” and
“tesseral” are used interchangeably herein) harmonic expan-
sion of the radiance of the reflected light device is then used
in conjunction with the finite tesseral harmonic expansion of
the M images to derive an optimal set of display-excitation
electrical-input signals. The planar reflective light display
device, when driven by this set of display-excitation
electrical-input signals, produces a displayed image similar
to that which one would observe by looking at the original
three-dimensional scene directly. In particular, a continuous
interpolation for any viewpoint in between the discrete
viewpoints corresponding to M cameras is achieved. The
above procedure is repeated for each image frame in the
television images, to obtain an optimal implementation of
multiviewpoint autostereoscopic three-dimensional
television, whereby achieving the indicated objectives.

BRIEF DESCRIPTION OF THE DRAWINGS

The invention will be described in detail for a presently
preferred embodiment, in conjunction with the accompany-
ing drawings, in which:

FIG. 1 is a diagram schematically showing the intercon-
nected relation of components of apparatus of the invention.

FIG. 2 is an electron micrograph of a reflective light
device, the digital micromirror device offered by Texas
Instruments, of Dallas, Tex.

FIG. 3 is an exploded view of a single digital micromirror
within the reflective light device offered by Texas
Instruments, of Dallas, Tex.

FIG. 4 is a schematic diagram of an appropriately adapted
projector based on a reflective light device, the digital
micromirror device projector (also known as a digital dis-
play engine, DDE) offered by Texas Instruments, Dallas,
Tex.

FIG. 5 is a schematic diagram of a single micromirror of
the digital micromirror device offered by Texas Instruments,
Dallas, Tex. The dotted lines refer to the modification
adopted in the present invention.

FIG. 6 is a schematic diagram of a single micromirror of
“Type 17 associated with the modified reflective light
device, 19, of FIG. 1, which shows its modified post height
and illumination direction, for the beam of light in the plane
orthogonal to the axis of rotation. The dotted lines refer to
the standard illumination and post height adopted by Texas
Instruments.

FIG. 7 is a schematic diagram of a single micromirror of
“Type 2” associated with the modified reflective light
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device, 19, of FIG. 1, which shows its modified illumination
direction, for the beam of light in the plane orthogonal to the
axis of rotation. The dotted lines refer to the standard
illumination adopted by Texas Instruments.

FIG. 8 is a schematic diagram of four micromirrors
associated with a single pixel of the modified reflective light
device, 19, of FIG. 1. The direction of one of the illumina-
tions is in the y-z plane, and the other is in the x-z plane.

FIG. 9 is a flow chart of computer-controlled operations
in providing a three-dimensional display of three-
dimensional objects and scenes.

FIG. 10 is a graphical depiction of the coordinates used in
the analytic derivation of one presently preferred embodi-
ment of the invention.

FIG. 11 is a schematic diagram showing another display
embodiment, based on a liquid crystal display device.

FIG. 12 is a schematic diagram showing another display
embodiment, based on light emitting diodes.

FIG. 13 is a schematic diagram showing an afocal optical
system embodiment of the present invention.

FIG. 14 is another schematic diagram showing additional
optical component details of the optical system shown in
FIG. 13.

FIG. 15 is another schematic diagram showing additional
optical system details associated with FIG. 13.

FIG. 16 is another schematic diagram showing additional
optical system details associated with FIG. 13.

FIG. 17 is a schematic diagram showing a focal optical
system embodiment of the present invention.

FIG. 18 is another schematic diagram showing additional
optical details of the focal optical system shown in FIG. 17.

FIG. 19 is another schematic diagram showing additional
optical details of the focal optical system shown in FIG. 17.

FIG. 20 is a schematic diagram of an alternative embodi-
ment of the invention which utilizes a standard digital
micromirror device with an afocal optical system.

FIG. 21 is a schematic diagram showing another
embodiment, similar to that shown in FIG. 1, except that
some of the stigmatic cameras are now tilted with respect to
the three-dimensional scene.

FIG. 22 is a schematic diagram showing another
embodiment, similar to that shown in FIG. 1, except that the
cameras are astigmatic.

FIG. 23 is a schematic diagram showing another
embodiment, similar to that shown in FIG. 1, except that
some of the cameras are now tilted with respect to the
three-dimensional scene and the cameras are astigmatic.

FIG. 24 is a graphical depiction of the coordinates used in
the mathematical analysis, similar to FIG. 10, except it is
more general and applies to all the embodiments of the
present invention.

FIG. 25 is a schematic diagram showing another embodi-
ment with two video cameras.

FIG. 26 is a diagrammatic flowgraph illustrating the
various hardware and software embodiments of the present
invention.

FIG. 27 is a schematic illustration of a portion of the
display means for one alternative embodiment of the
invention, showing a light phase encoder in the form of
prisms and collimating lenslets.

FIG. 28 is a schematic illustration of a portion of the
display means for one alternative embodiment of the
invention, showing a light phase encoder in the form of a
prism and collimating lenslet.
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FIG. 29 is a schematic illustration of a portion of the
display means for one alternative embodiment of the
invention, showing a pixel with its sub-pixels and light
phase encoders (prisms and collimating lenslets).

FIG. 30 is a schematic illustration of a portion of the
display means for another embodiment of the invention,
showing the effects of a distributed (i.e., non-point) light
source.

FIG. 31 is a schematic illustration of a portion of the
display means for another embodiment of the invention,
showing the effects of a distributed (i.e., non-point) light
source.

FIG. 32 is a schematic illustration of a portion of the
display means for one alternative embodiment of the
invention, showing a pixel with its sub-pixels and light
phase encoders (prisms).

FIG. 33 is a schematic illustration of a portion of the
display means for one alternative embodiment of the
invention, showing a pixel with its sub-pixels in the form of
a specialized Fresnel lens.

It should be understood that in FIG. 1, FIGS. 21-23, FIG.
25, and FIGS. 27-33, the physical dimensions are not to
scale.

DETAILED DESCRIPTION OF THE
INVENTION

The invention will be described in detail for a presently
preferred embodiment, in conjunction with the accompany-
ing drawings.

The invention is shown in FIG. 1 in application to
interconnected components for constructing apparatus for
performing methods of the invention, namely for providing
three-dimensional display of three-dimensional objects and
scenes. Some of these components are commercially avail-
able from different sources and will be identified before
providing detailed description of their total operation. Other
components in FIG. 1 are not commercially available and
need to be fabricated using known and currently available
technology. In FIG. 1, a three-dimensional still scene 10 to
be displayed is shown, and to be surrounded by four
stigmatic video cameras, 12, each mounted on a tripod, 13.
These four cameras may be identically the same, and are
commercially available from Eastman Kodak Company,
Rochester, N.Y.; suitably, each of the cameras 12, may be
Kodak Megaplus Model ES 1.0, which has the capabilities
of having up to 1008x1018 8-bit pixels, although in the
presently preferred embodiment 512x480 pixel images are
utilized. The 4 stigmatic cameras provide a set of 4 two-
dimensional views or images of the three-dimensional
scene.

Basic operation is governed by computer means 14,
which may be a “PC” computer, such as the “200 MHz
Pentium Pro” available from Gateway 2000, Inc., North
Sioux City, S. Dak.; as its designation suggests, this com-
puter contains a 200 MHz clock-pulse generator, and an Intel
686 (“Pentium Pro”) processor supplied with 128 megabytes
of memory, with provision for keyboard instruction at 14'.

A high accuracy monochrome frame-grabber card 15 is
relied upon to digitize and acquire the four images acquired
by the four video cameras, respectively. The frame-grabber
card is suitably Model DT3152 Data Translation, Marlboro,
Mass., and is capable of acquiring up to 4 monochrome
video signals.

A card 16 is shown which transmits digital data from the
computer means 14 to the digital micromirror device, 19.



US 6,304,263 B1

7

The card may suitably be a digital input/output board of
National Instruments, Austin, Tex., identified by National
Instruments part No. AT-DIO-32F. This input/output board
has 32 lines of digital input/output divided into four bytes
capable of transmitting approximately 900 kilobytes per
second.

A reflective light device, 19, is connected to the digital
input/output board 16. Although a full description of the
reflective light device 19 can be provided, it is more con-
venient to describe instead a modification of an already
available reflective light device, namely the digital micro-
mirror device offered by Texas Instruments, Dallas, Tex. In
the standard Texas Instruments reflective light device shown
in U.S. Pat. No. 5,061,049 by Hornbeck, issued Oct. 29,
1991, which is incorporated hereinto by reference and
shown in FIG. 2 and FIG. 3 and FIG. 4, a set of very small
mirrors or micromirrors are electronically controlled to
reflect light in one of two possible orientations, namely
directly out of the device (i.e., in a direction perpendicular
to the surface of the device) or at an angle such that the
reflected light is not observed and is absorbed by the light
sink. This is shown in FIG. 5, for a single micromirror; as
may be seen, the micromirror is positioned against one or the
other of two posts of identical height; in the positive logic
“1” or “on” position the beam of light is reflected directly
towards the viewer, while in the positive logic “0” or off
position the beam of light is reflected completely out of
view. An image is formed when a large number of identical
micromirrors are controlled in an appropriate manner and
projected onto an appropriately adapted display screen as
shown in FIG. 4; currently, Texas Instruments offers a model
with up to 2048x1152=2,359,296 micromirrors. It should be
understood that although FIG. 4 represents a color projec-
tion system, the operation of a monochrome projection
system, as utilized in the currently preferred embodiment, is
essentially equivalent.

In contrast, in the modified reflective light device 19 the
beam of light reflected from a particular micromirror when
it is in the “on” position is not necessarily directed orthogo-
nally from the display device surface, but rather at a specific
oblique angle. This is shown in FIG. 6 for a single “Type 1”
micromirror and in FIG. 7 for a single “Type 2” micromirror,
for a presently preferred embodiment in which 4 micromir-
rors are used to form a single picture element or pixel. With
reference to FIG. 8, the axis of rotation of two micromirrors
(one of “Type 1” and the other of “Type 2”) are vertical and
parallel to the x-axis. The axis of rotation of the other two
micromirrors (one of “Type 17 and the other of “Type 2”) are
horizontal and parallel to the y-axis. As may be seen, “Type
1” micromirrors have unequal post heights while “Type 27
micromirrors have equal post heights. In addition, for both
types the angle of illumination is modified as compared to
the standard digital micromirror device, as shown in FIG. 6
and FIG. 7. A further modification is the use of not one but
two independent sources of illumination impinging on the
micromirrors, one source in the x-z plane and one source in
the y-z plane. FIG. 8 shows a set of four micromirrors
comprising one pixel in the presently preferred embodiment.
As may be seen, the beams of light due to the incident
illumination in the plane orthogonal to the rotation axis of
the micromirrors, when they are in the “on” positions, are
reflected at angles of +0 degrees in each of the vertical and
horizontal planes, as illustrated in FIG. 5 and FIG. 6. In the
“off” positions the beams of light are reflected completely
out of view, and absorbed by the light sinks. Additionally,
the beams of light due to the illumination incident on the
plane parallel to the rotation axis of the micromirrors when
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they are in the “on” positions are reflected at angles out of
view and absorbed by the light sinks. The radiant power of
the reflected light from each micromirror in the reflected
light device 19 is controlled by adjusting the duty cycle of
the micromirror in terms of its proportion of time in the “on”
mode in comparison to the time in the “off” mode. In the
currently preferred embodiment, there are N=4 micromirrors
in each pixel; each beam reflected by a micromirror within
each pixel is directed in one of four directions: +10°
vertically, —-10° vertically, +10° horizontally and -10°
horizontally, in their respective “on” modes; K=512x480=
245,760 pixels; and there are a total of 4x512x480=983,040
MICTOMIrTors.

Finally, general signal-processing/display/storage
software, for signal processing, control and operation of the
computer is not shown but will be understood to be a floppy
disk loaded at 18 into the computer; this software is suitably
the MATLAB-386, available from The MathWorks, Inc.,
Natick, Mass. Further software, also not shown, will be
understood to include signal-processing, neural-network,
and image processing toolboxes, also available from The
MathWorks; C++ and Fortran 5.0, available from Microsoft
Corporation, Bothell, Wash.; LabView and NI-DAQ, avail-
able from National Instruments Corporation, Austin, Tex.;
and Frame Grabber SDK, GLOBAL LAB, and GLIDE,
available from Data Translation, Marlboro, Mass.

In the presently preferred embodiment of the invention
and with additional reference to the flow diagram of FIG. 9,
data is collected and processed as follows. A three-
dimensional still scene (10) comprised of three-dimensional
objects is recorded using a set of M=4 video stigmatic
cameras (12) each mounted on a tripod (13), and facing the
scene from four distinct locations. The set of four two-
dimensional images acquired using the video cameras (12)
are downloaded to the computer (14) using frame grabber
card (15). These four images are denoted as L, (i,j), m=1,
2,3,4, and i and j denote the pixel (i,j) associated with the
image stored in the memory of computer (14). The three-
dimensional scene is characterized in terms of the radiance,
R, at a reference planar window at z=0 in the object space.
An expansion of the radiance, R, in terms of tesseral
harmonics is then evaluated using the four images, L, (i,j),
m=1,2,3,4; these are used to compute a set of four tesseral
coefficient functions, R (x,, ,¥,, )> p=1,2,3,4, where x,,, ; and
Y, are the coordinates associated with the planar window.
Note that x,, ;=2 du,,i and y,, =2 du,,j, where 2 d is the size
of the picture element (pixel) of the camera detector, and u,,
is the transverse magnification associated with the optics of
the m? camera. It should be understood, and with additional
reference to FIG. 10, that if d,, is the distance between the
input principal plane of the m” camera optics and the plane
conjugate to the m” camera detector, and if dg,, is the
distance between the output principal plane of the m™
camera optics and the m™ camera detector, then u,,=d, /d,,.

In a similar manner, the radiance function, D, associated
with display device (19) is also expressed in terms of a
tesseral harmonic expansion, whose coefficient functions are
denoted by D(x;y;), q=1,2, . . . ,N, where N=4 in the
presently preferred embodiment. It should be understood
that for this embodiment there is a one-to-one correspon-
dence between the size of the planar window and the display
device. It is further understood that the functions D _(x,y;),
q=1,2,3,4, are linear functions of a set of display-excitation
electrical-input signals, W (x,,y,), q=1,2,3,4, which are pro-
portional to the radiant power of the corresponding micro-
mirror; thus, D (x,,y;) may be expressed as a linear function
of W _(x,,y,). It should be additionally understood that the set
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of N=4 display-excitation electrical-input signals, W (x,,y,),
q=1,2,3,4, are used to control the amount of light reflected
from the four micromirrors q, q=1,2,3,4, at pixel {x,y,}. As
already noted, in the currently preferred embodiment of the
invention, i=1, . . . ,480, and j=1, . . . ,512, making for a total
of 245,760 pixels in the displayed three-dimensional image,
and 4x245,760=983,040 micromirrors in reflected light dis-
play device (19).

The set of values for the display-excitation electrical-
input signals, W (x,y), q=1,2,3,4, i=1, . . . ,480, and
j=1, ...,512, are evaluated and transferred from computer
memory to digital input/output card (15) for transmission to
reflected light device (19). The planar display device (19),
upon input of the set of display-excitation electrical-input
signals, produces a displayed image similar to that seen
when viewing the original three-dimensional scene (10),
whereby achieving the indicated objectives. It should be
further understood that the displayed three-dimensional
image may be viewed by observers (99) from a continuum
of locations in front of the three-dimensional display, thus
enabling full multiviewpoint as well as autostereoscopic
capabilities.

The preceding description has proceeded on the basis that
a tesseral harmonic expansion can be utilized for deriving a
set of display-excitation electrical-input signals suited for
driving the reflective light display device. The discussion
has also assumed that the relationship between the display-
excitation electrical-input signals and the coefficient func-
tions D (x,,¥,), 4=1,2,3,4 are linear functions of the display-
excitation electrical-input signals, W (x,y,), q=1,2,3,4.
These facts are demonstrated as follows.

The proof of the above statements is rooted in a funda-
mental insight which led the present inventors to their
current invention. This insight is that any three-dimensional
scene composed of three-dimensional objects when viewed
through a planar window can be considered to be equivalent
to a planar screen coincident with the planar window whose
radiance is identical to the radiance of the three-dimensional
scene itself at that planar window. As a clarifying example,
it may be convenient to consider this representation in terms
of the image which would be produced by a planar mirror
which is reflecting light from a set of objects located in an
appropriate position in front of the planar window. Accord-
ing to this observation, and with additional reference to FIG.
10, we can express, using a generalized version of Lambert’s
law (see, for example, Handbook of Optics, Devices, Mea-
surements and Properties, Second Edition, Vol. II, Michael
Bass, Editor-in-Chief, published by McGraw Hill, New
York, N.Y., Chapter 24), the total light power in watts [W],
L,.(i,j), received by pixel (i,j) of the detector of stigmatic
camera m, m=1,2,3.4. The expression, assuming an arbi-
trarily small pixel size, may be approximated by:

L, (i))=4 @11,>[ [R(%,, 481V, j+D,,0,9) cOs © sin OdgddO 6]

In Eq. (1), R(x,, #+3,,Y,,,+b,,,0,0), in units of waits per
square meter per steradian solid angle [Wm™sr™'], is the
local radiance (which is also herein referred to as simply
radiance or radiance function) at the reference planar win-
dow at (X, +2,,,Y,,,+b,,), and a,, and b,, are the respective
horizontal and vertical shifts associated with the cameras 12,
for each of the M=4 positions. The angles 6 and ¢ are local
spherical coordinates taken with respect to polar axis z'
through (x,y,0) and parallel to z, and the integration in Eq.
1 is carried out for the rays (6,¢) which enter the pupil of the
m? camera. In the presently preferred embodiment, the
window is located at the plane z=0 of the object space
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coordinates, which are coincident with the camera
coordinates, apart from the transverse shifts a,, and b,,. The
window plane is conjugate to the detector plane of each
camera. The distance both of the origin of the camera
coordinates and of the camera imaging plane itself from the
input principal plane of each camera optics is c,,; hence,
c,,=d,, in the presently preferred embodiment which utilizes
stigmatic cameras.

A key factor to the present invention is the recognition
that the function R(x,y,0,¢) can be expanded in spherical
(tesseral) harmonics at each point (x,y) (see for example the
book Electromagnetic Theory, J. A. Stratton, McGraw Hill,
New York, 1941, pp. 399-408):

& @
R(e.7.6.9)= ) Ry(x, )Y, (6, )

p=1

In Eq. (2), the Y (0,0) are known orthogonal functions of 6
and ¢ (actually of cos 0, sin 0, cos ¢ and sin ¢); their
definitions can be found also on p. 332, note 2, in Handbook
of Mathematical Functions, M. Abramowitz and I. A.
Stegun, Dover Publications, New York, 1965, ninth printing.
Another excellent reference is the book FElectromagnetic
Theory by Julius Adams Stratton, published in New York by
McGraw Hill in 1941 and included by reference hereinto,
viz., see for example, Eq. (19) on p. 403. It should be
understood that although the Y ,(0,¢) are indexed by a single
parameter (e.g., “p”), the tesseral harmonics used in the
present embodiment contain two indices (in the book by
Stratton, these are indicated by “n” and “m,” where n is an
integer 20 and m is any integer such that [m|=n). Thus it is
in general necessary to construct a correspondence or “look-
up table” between the sets of indices. In the presently
preferred embodiment, this correspondence for the first 25
values of p is given by:

P n m
1 0 0
2 1 -1
3 1 0
4 1 1
5 2 -2
6 2 -1
7 2 0
8 2 1
9 2 2

10 3 -3

1 3 -2

12 3 -1

13 3 0

14 3 1

15 3 2

16 3 3

17 4 -4

18 4 -3

19 4 -2

20 4 -1

21 4 0

22 4 1

23 4 2

24 4 3

25 4 4
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Combining Egs. 1 and 2, one has:

€)

L. Py Py il
T I e
)

Pyp=i

Ymj + by )Kp(X = Xipjis ¥ = Y j C)d Xd Y

The integration variables have been changed from 6 and ¢
to Cartesian coordinates X and Y defined in the input
principal plane of the camera optics (see FIG. 10). The
dimensions of the camera rectangular pupil at the input
principal plane of the camera, where the double integration
in Eq. 3 is carried out, are 2P, and 2P,, respectively. The
functions K, are given by:

cos?0 @
2

mjij

Kp(X = X ¥ = Y js €n) = Y(0, $)

where

12 = (X =X+ (Y =y ) + )

The angles 0 and ¢ are related to X and Y through the
following set of equations:

cos = n ©6)
T
VX =207+ =y 2 ™
sinf =
Fnij
X — x,0 8
cosp = (X = Xm) ()]
(X =X )? + (Y = Y j)?
Y = Yo 9
ding = Y = Ymi) ©

N Er

Now Eq. 3 can be written as a summation of convolutions:

D Py Py (10)
L, )= 4% )" f f RpConi + s
p=1V"Px/=Py

Ymj + br)Kp(X = Xpis ¥ = Y jy c)d Xd Y

With respect to Eq. 10, it should be noted that: (i) all the K,
are known a priori, given by Eq. 4; (ii) L,(i,j) represents the
measurements, i.e., the pixel values associated with the
video cameras; (iii) the integration is with respect to the
variables X and Y, and thus R, may be taken outside the
double integral; and (iii) if the summation is truncated at
some value N<oo, and assuming that M=N images at M
distinct sets of values of {a,b,c} were acquired (i.e., at M
distinct horizontal, vertical, and longitudinal shifts, for
example {a;, b, ¢}, ..., {a,,b,.c.}s ..., {aw bap i),
then a linear set of equations associated with Eq. 10 can be
derived and solved to obtain an estimate of the set of
(coefficient) functions R (x,y,), p=12, . . . ,N, where
Xi=X,, +a,, and y;=y,, +b,, are the associated pixel locations
in the display device, with respect to the coordinate axes of
the window plane. In the case when M>N, an overdeter-
mined set of equations results; in the case when M=N, a
square set of equations results; in both cases, a least squares
solution may be found. It should be understood that the
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estimate of R (x,,y;) will not be distinguished herein from
RP(Xi,yj) itself, although it is obvious that the two will be
different, due both to the finite truncation of the summation
as well as the presence of noise. It should be further
understood that in this analysis the M two-dimensional
views of the three-dimensional scene were assumed to be
acquired at M distinct locations, the locations being
arranged such that the cameras are all directed in a parallel
fashion towards the three-dimensional scene. It should be
clear however that this represents no loss of generality in
terms of the currently preferred embodiment of the inven-
tion; in particular images can be obtained from cameras
arranged in non-parallel or “tilted” orientations.

Assume now that the summation in Eq. 10 is truncated at
N terms, and that N two-dimensional images are acquired at
M=N distinct sets of values of {a,b,c},ie., {a;, b, ¢}, ..,
{2 D> Cuts -+ - 5 {an bay Cats). Then Eq. 10 may be
expressed as:

N (11
Lp(i = @, j = Pn) = Z Ry, PNGmpli, J)

=1

where

P. P. 12
Gonpli, J) = 442, f ’ f Ko (X~ Sinicams ¥ = Yo s e XY
—Px/ =Py

m

o = (13)
2d i

b (14
Bn= 77—
2d

Note that m=1, ... ,Nand p=1,...,N,N=4, and a,,, b,, are
chosen so that o, and f3,, are both integer numbers, in the
presently preferred embodiment. It should be understood
that for ease of notation R,(i,j) denotes the value of the
tesseral coefficient function R (x,y) at x=2 du,,i and y=2
du,,j. Now letting L(i,j)=[L,(i-a,j-B;) . . .
L, (i-0,j~B,) - - . Lilimcug=B) T RADAR) - - -
R, (L)) - . - Ry(L,)T, and G(L,))=[G,,,(i,)], the NxN matrix
of coefficients G,,,, Eq. 11 may now be written as the matrix
expression

L=GR (15)

where for convenience we have dropped the explicit depen-
dence on (ij). Thus the functions R,(i,j) are evaluated
through inversion of Eq. 15, namely,

R=G™'L (16)

The above inversion is repeated for each pixel (i,j) in the
display device in order to obtain the estimated set of tesseral
coefficient functions, R,(ij), p=1,2, . . . ,N, i=1, . . .
4480, j=1, . . . 512, associated with the three-dimensional
scene.

Next, a corresponding analysis is applied to the display
device, the reflected light device 19, whose radiance func-
tion is represented by the function, D(x,y,0,$). It should be
understood that (i) each picture point (pixel) at (x,y) is
composed of N independent light sources, i.e., the N
micromirrors, which emit N independent beams of light; and
(ii) each of the N beams of light is characterized by its
associated radiance W(x,y)B/(0,9), where W(x,y), the
display-excitation electrical-input signal, is the normalized
radiant power of the i”* beam, i=1, . . . ,N, and Bf0,0) is
related to the intensity pattern of the i beam. Then, in view
of the above two factors, in conjunction with the fact that the
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light radiated from the display device is incoherent, the
radiance function, D(x,y,0,¢) [Wm™3sr'], may be repre-
sented by the following summation:

N (7
D(x, y,0,9) = ) Wy(x, 1)B, (0, 9)
p=1

In Eq. 17, W,(x,y) is the normalized radiant power (i.e.,
0=W,(x,y)=255) of the p™ reflected light beam, B,(69)
[Wm™sr™!], from pixel (x,y), that is, the light power radi-
ated by one of the N micromirrors located at pixel (x,y). The
functions, B,(0,0), p=1,2, . . . ,N can be expressed as a
spherical (tesseral) harmonic expansion:

& 18)
By(®.9)= ) 5pg¥e0, 9)

g=1

In Eq. 18, s,,, are the tesseral coeflicients associated with the
tesseral expansion, and Y (6,9) are the known orthogonal
functions introduced earlier. The tesseral coefficients, s,,,,
can be evaluated using the equations provided in Flectro-
magnetic Theory, J. A. Stratton, McGraw Hill, New York,
1941, p. 403, Egs. 18-19, and which are included by
reference hereinto. It should be appreciated, because the
spherical harmonics are orthogonal over the range of
0=0=m, the radiance functions (of the 3D scene and of the
planar display) must be considered to be expanded to within
that range of 6 as well. For this reason, the radiance
functions can be analytically extended between n/2=0=m,
into any convenient mathematical expression. In the pres-
ently preferred embodiment, this analytical extension is
chosen to be the mirrored extension in the range m/2=0=m.
Combining Egs. 17 and 18, one obtains

LY (19)
Dl 0.8 ) [Z 550 W5, y)} 40, )

a1 L=t

= 2 Dy, 1)V (0, 9)
g=1

where

N (20)
Dy, y)= ) spgWple, ), g=1.2.3, ..
p=1

It should be understood that Eq. 20 represents a linear
relationship between the normalized radiant powers, W ,(x,
y), associated with the micromirrors of the display device,
and the tesseral coefficient functions, D (x,y). The normal-
ized radiant powers, W,(x,y), associated with the micromir-
rors in the display device, can now be evaluated by setting
the first N tesseral coefficient functions for the three-
dimensional display equal to the N tesseral coefficient
functions of the three-dimensional scene, namely:

R, (xy)=D,(xy),q=1, . . . ,N. @1
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Combining Eq. 21 with Eq. 20 gives:
N (22)
R,(x, y)=ZquW,,(x, y), g=1,..N
p=1
or in matrix form
R(xy)=SW(xy) (23

where R(x,y)=[R1(x,) Ry(x,y) - . . Ry(x,y)]", W(x,y)=[W,
(%y) Wa(x,y) . . . Waxy)], S7=[s;], the NxN matrix of
coefficients s;;, and T denotes matrix transpose. It should be
understood that the normalized radiant powers represented
by column vector, W(x,y), are the set of display-excitation
electrical-input signals which are transferred from the com-
puter to the reflected light device in order to form the
three-dimensional image.

The solution of Eq. 23 provides the values of the normal-
ized radiant powers associated with the micromirrors in the
reflected light device, i.e., W(X,y), is given by

W(xy)=S"'R(xy) e
where S™* denotes the matrix inverse of S, and it should be
understood that x and y represent the locations in the display
corresponding to the planar window. Finally, using Eq. 16
together with Eq. 24 provides the following complete solu-
tion:

W=(GS)™'L (25)
where for convenience we have dropped the (x,y) notation.
Eq. 25 provides the set of display-excitation electrical-input
signals for input to the display device 19. It should of course
be understood that the values obtained in Eq. 25 for W are
to be normalized to the range O to 255, in accordance with
the 8 bit data word associated with the digital input/output
card and reflected light device of the currently preferred
embodiment, and also because the W, which by definition
are intensities, are required therefore to be non-negative. In
the present embodiment, it is assumed that all the values for
W obtained from Eq. 25 are positive. A description of other
embodiments of the invention when this is not a valid
assumption is disclosed infra. It should further be under-
stood that connecting the values W determined from Eq. 25
to the reflected light display device produces the desired
three-dimensional view of the three-dimensional scene,
thereby achieving the indicated objectives. An additional
point to be understood is that the disclosed invention can be
used for either still three-dimensional scenes, or for dynamic
three-dimensional scenes, i.e., three-dimensional television
or video. In the latter case, the processing must be imple-
mented in or close to “real-time”. For this, the techniques
described in the book Infroduction to Parallel and Vector
Solution of Linear Systems, by James M. Ortega, published
by Plenum Press, New York, N.Y., in 1988, and included by
reference hereinto, can be utilized to solve Eq. 25. Other
high-speed computational approaches and ad hoc hardware
microelectronics may be utilized as well. It should further be
understood that when the solution, W, as given by Eq. 25
includes at least one component which is negative, then
either that component (or components) must be set to zero
(or some other non-negative number), or alternatively, a
constrained optimization can also be used, as described for
an alternative embodiment infra.

It should be understood that the above procedure can be
generalized by choosing a number, Q, of tesseral harmonics
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associated with Egs. 11, 21, and 22, where Q=N. It is thus
to be understood that the length of the column vector R(x,y)
is Q, and the matrices G and S are NxQ and QxN matrices,
respectively, so that the matrix product GS and its inverse
(GS)™ are NxN matrices. This can also be extended to the
case of M>N (i.e., a number of cameras, M, greater than the
number of degrees of freedom, N, in each pixel of the
display device), in which G becomes MxQ in dimension,
and the inverse operation in Eq. 25 should be appropriately
interpreted as a pseudoinverse operation. An excellent ref-
erence on the solution of such overdetermined systems can
be found in the book Solving Least Squares Problems, by C.
L. Lawson and R. Hanson, published by Prentice Hall of
Englewood, N.J. in 1974, and which is included by reference
hereinto.

It should be additionally understood that N is the number
of independent degrees of freedom in each pixel of the
display device. Hence, in the general case, the digital
micromirror device may be modified so that each pixel is
comprised of a set of N distinct micromirrors with, in
general, up to N distinct post heights (e.g., “Type 17, “Type
27, ..., “Type N”) and of a suitable set of illuminations; in
this case the beams of light reflected from each mirror is
oriented in one of N distinct “on” directions. The reflected
light device 19 is further specified to be composed of a total
of K discrete pixels. Further, each of the K pixels in the
modified digital micromirror device are equivalent in terms
of the N distinct micromirrors of which they are each
comprised. Thus it should be realized that any number, N, of
micromirrors associated with each pixel can be used, any
number, M, of cameras can be used, and any number, Q, of
terms in the tesseral harmonic scene and display expansions
can be used, with the understanding that M=N and Q=N.

It should further be understood that the reflected light
device 19 of FIG. 1 is used in conjunction with an appro-
priate projection screen and associated electronics and
optics, as schematically diagramed in FIG. 4. It should be
additionally understood that display devices other than the
reflected light device can be used as part of the three-
dimensional display system. For example, and with addi-
tional reference to FIG. 11, an alternative preferred embodi-
ment of the present invention uses a liquid crystal display
(LCD) device to display the three-dimensional image. In this
alternative embodiment, a pixel in the LCD device is com-
prised of a set of N “subpixels” (a “subpixel” being under-
stood to be an ordinary pixel in a standard LCD), together
with a set of optical transformers. The optical transformers
are thin lenslets, constructed such that a parallel ray imping-
ing at (x,,y,) on the lenslet emerges at an angle, 0,. A
“subpixel” in the LCD whose center is located at (X,,y,)
produces an emerging beam W, B,(0,9) centered around 0,,.
It is to be understood that a similar analysis as carried out for
the reflective light display device can also be carried out for
the LCD-lenslet display device, i.e., using Eqs. 17-20 and
thereby achieving an alternative preferred embodiment of
the present invention. A useful reference on the subject of
liquid crystal display devices can be found in the reference
Handbook of Optics, Devices, Measurements and
Properties, Second Edition, Vol. 1, Michael Bass, Editor-
in-Chief, published by McGraw Hill in 1995, New York,
N.Y., Chapter 27, pp. 27.36—27.44, and which is incorpo-
rated by reference hereinto. A recent advance in three-
dimensional display devices is shown in U.S. Pat. No.
5,493,427 by Nomura et al., issued Feb. 20, 1996, and which
is incorporated hereinto by reference. This device utilizes a
liquid crystal display panel and an attached electronically
variable lens. In an alternative embodiment of the present
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invention, this display device is used to receive the set of
display-excitation electrical-input signals provided herein in
Eq. 25.

In yet another alternative embodiment, and with addi-
tional reference to FIG. 12, a set of light-emitting diodes
(LED’s) together with a set of optical transformers is used
to realize the three-dimensional display device. In this
alternative embodiment, the optical transformers are thin
lenslets, constructed such that a parallel ray impinging at
(X,»y,,) on the lenslet emerges at an angle, 6,,. An LED whose
center is located at (x,,y,) produces an emerging beam
W_B_(6,0) centered around 0, It is to be understood that a
similar analysis as carried out for the reflective light display
device can also be carried out for the LED-lenslet display
device, i.e., using Egs. 17-20 and thereby achieving an
alternative embodiment of the present invention. A useful
reference on the subject of light emitting diodes can be
found in the reference Handbook of Optics, Devices, Mea-
surements and Properties, Second Edition, Vol. I, Michael
Bass, Editor-in-Chief, published by McGraw Hill in 1995,
New York, N.Y., Chapter 12, and which is incorporated by
reference hereinto. A recent advance in the engineering of
LEDs is the development of transparent organic LEDs
(TOLEDs). These devices, which can generate light in the
red, green and blue spectral regions, can be used in the
construction of a suitable display device using the principles
disclosed herein. A useful reference for TOLEDs entitled
“Transparent light emitting devices” may be found in
Nature, Vol. 380, Mar. 7, 1996, p. 29, by V. Bulovic et al.,
and is incorporated by reference hereinto. It is also to be
noted that a display device comprised of suitably arranged
bundles of optical fibers can serve as the basis for construct-
ing the display device. Each optical fiber bundle realizes a
single pixel. A useful reference on the subject of miniature
and micro-optical means can be found in the reference
Handbook of Optics, Devices, Measurements and
Properties, Second Edition, Vol. II, Michael Bass, Editor-
in-Chief, published by McGraw Hill, New York, N.Y,
Chapters 7, 8 and 10, and which is incorporated by reference
hereinto. A general reference on display systems can be
found in the publication “Cameras and Display Systems” by
Yoshitaka Hashimoto et al., in the Proceedings of the IEEE,
Vol 83, No. 7, July 1995, pp. 1032— 1043. Another example
of a display device which may be utilized in the presently
disclosed invention is known as a grating light valve, which
is similar to a digital micromirror device in terms of its
ability to control its emitted light pattern. Some new devel-
opments of flat-panel displays are reviewed by Ken Werner
“The flowering of flat displays,” published in IEEFE
Spectrum, May, 1997, pp. 40-49. It is therefore to be
understood that the principles disclosed herein, namely the
decomposition in terms of tesseral harmonics of the scene
and display radiances, respectively, can be adapted to any
number of display device embodiments with the understand-
ing that the specific display device embodiment utilized
provides a means for independently controlling the angular
distribution of the light emitted from each pixel. It is further
to be understood that there is no limitation on the number of
independent degrees of freedom, N, associated with any
specific display device embodiment to be used in the present
invention, or with the number of cameras used, or with the
number of terms used in the tesseral harmonic expansions,
with the conditions that M=N and Q=N. It is to be realized
that increasingly larger values of M, N, and Q will generally
lead to three-dimensional display of three-dimensional
scenes of increasingly higher quality.

It is useful here to describe additional details of the
invention, namely details associated with the optical system
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aspects of a presently preferred embodiment of the inven-
tion. This embodiment incorporates the modified digital
micromirror device (FIGS. 5-8). It is important to remember
that each individual pixel corresponds to a set of N micro-
mirrors in the modified micromirror device, and N=4 in the
presently preferred embodiment. Note that those compo-
nents integrally associated with the digital micromirror
device itself (including for example the light source, sink,
condensers, color filter wheel, zoom projection lens and
other components) are not shown or referred to in the
following description. With reference then to FIG. 13, L,,
14, and L,, 15, are two lenses arranged in an afocal
configuration, i.e., L (having focal length f,) has its second
focus coinciding with the first focus of L, (having focal
length f,). Such a configuration has the important property
that an input ray parallel to the (common) axis of the lenses
is again parallel to the axis when it emerges as an output ray.
Another property of this afocal configuration is that if an
object is placed in the first focal plane of L,, then its image
is formed in the second focal plane of L,, and the
magnification, q, is given by q=f,/f; (as shown schemati-
cally in FIG. 14). With additional reference to FIG. 15, let
A, B, ..., Zrepresent arbitrary pixels on the modified digital
micromirror device 25. As shown in FIG. 15, a magnified
image represented by A, B', . . ., Z' is formed in the second
focal plane of L,, 15. In a presently preferred embodiment
of the invention, g=100 (with f;=1 cm and £,=100 cm).
(Notice that L,, 14, must be sufficiently large so as to accept
almost all light rays coming form the modified digital
micromirror device 25.) A pixel such as A, which is 34
microns in dimension in the modified digital micromirror
device and comprised of N=4 individual micromirrors in the
presently preferred embodiment, will be magnified as A, to
34 micronsx100=3.4 mm. As an additional point to note,
there is a general rule for optical systems in air, namely that
in obtaining a linear magnification, g, the angular “magni-
fication” (that is, the ratio a'/c., where o is the angle between
two rays outcoming from a given point of an object, and o'
is the angle between the corresponding rays in the image, an
example of which may be seen by reference to FIG. 14) is
1/q. In the presently preferred embodiment of the invention,
and with additional reference to FIGS. 15 and 16, consider
the rays coming for example from B. Note that angle, 3,5,
between ray 1 and ray 2 is relatively large. At the output, i.e.,
at B', it can be seen that (i) the direction of (the
perpendicular) ray 2 is unchanged (in accordance with the
characteristic of an afocal optical system); and (ii) the angle,
[';2, between ray 1 and ray 2 at the output pixel, B!, is now
reduced, i.e., B';,~B,,/q (<<B,)- An additional optical com-
ponent is introduced in this embodiment of the invention
which compensates for this angular reduction. With refer-
ence to FIG. 16, the optical system of the presently preferred
embodiment includes a (transparent) screen S, 29, composed
of small lenses 1,, 15, . . . ,1,, each 3.4 mm diameter in the
present embodiment. Such a screen is well known in the art,
and many examples of such lenticular screens are commer-
cially available. One such suitable supplier is the Edmund
Scientific Company of Barrington, N.J. Another supplier of
such screens is the Lenticular Corporation of Sun Prairie,
Wis. It should be understood that each small lens of the
screen 29 is in front of each image (e.g., A", B, . . . ,Z)
associated to each single pixel (i.e., 1, is in front of A', 15 is
in front of B' and proceeding in such fashion for each image
associated with each pixel). Note that the distance, D,
between the output image and lenticular screen S, 29, must
be chosen such that each small lens of S makes an image of
the corresponding image pixel with “magnification” 1/q
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(actually a reduction equal to 1/100 in the presently pre-
ferred embodiment). Note also that D must be sufficiently
larger than the focal length f; of the small lenses in the
screen 29. In the presently preferred embodiment, D=1 cm.
With the above configuration, as shown schematically in
FIG. 16, an image seen by an observer looking from an
arbitrary position at the right of S is comprised of a set of
image points A",B", . . . ,Z" which are related to the original
pixels A,B, . . . ,Z, as follows: (i) they are of equal size due
to the overall magnification factor being qx1/q=1, but now
separated by a significantly larger distance; and (ii) they
have equivalent angular characteristics, i.e., the angles
between rays coming out from A", B", . .. ,Z" are identical
to the angles of the rays coming out of A, B, . . . ,Z (i.e., an
angle restriction 1/q due to the afocal system and a second
transformation by a factor 1/(1/q)=q due to the small lenses
in S). Thus it should be understood that the optical system
as herein disclosed has the effect of translating each pixel of
the digital micromirror device a finite distance apart in the
displayed image (in the presently preferred embodiment the
pixels are “moved” approximately 3.4 mm apart, each one
keeping the overall 34 um size of the original modified
micromirror device). It should be understood that the above
described embodiment can be constructed so that each small
lens in the lenticular screen is associated with each single
micromirror, instead of being associated with the N micro-
mirrors of each pixel. In other words, A,B, . . . ,Z are now
individual micromirrors. As a consequence, each individual
micromirror (16 um in size plus 1 um of spacing) is now
imaged in the displayed image (A",B", ...,Z") 1.7 mm apart
from the contiguous ones. As a further remark one must
consider the fact that the direction of a ray coming out of S
may differ from the original direction coming out from the
modified micromirror device 25 (as illustrated, for example,
by the ray 2 in FIG. 16). Therefore, it must be understood
that the driving signals W, of the display device 25 are
adjusted in such a way that the ray directions and intensities
of the original scene are reconstructed at the image plane of
A"B", ...,Z" instead of at the display plane 25. It should
therefore be understood that the optical system disclosed
herein provides a means for practical viewing of the three-
dimensional scene, which is generated using the methods
and apparatus disclosed (with respect to the expansion into
tesseral harmonics of the original three-dimensional scene
and with respect to the determination of the display-
excitation electrical-input signals) for driving the display
device. Some additional points to be understood with respect
to the optical system embodiment are: (i) the light intensity
of the final output image can be increased using techniques
well known in the art, for example endowing the screen S
with a light intensifying sheet; (ii) the optical axis of the
system disclosed herein is single and unique—however, this
is not a requirement and the system may be adapted to a
variety of configurations using plane mirrors (or prisms
acting as high efficiency mirrors)—or some combination of
plane and parabolic mirrors—this allows for more flexible
placement and geometry associated with the overall three-
dimensional display system; and (iii) the analysis has been
based largely on the simple “Gaussian theory™ of lenses. In
practice, optical systems of large aperture are not Gaussian,
but that solutions obtained under this assumption can serve
as a useful starting point for a more complex optical design;
the techniques by which this may be achieved are well
known in the art.

An alternative embodiment of the invention may use a
focal optical system, and is shown in FIGS. 17-19. In this
embodiment, and with additional reference to FIG. 17, a
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single lens L,, 23 is used, in an “overhead projector”
arrangement. If the digital micromirrors in A,B, . . . ,Z,
(individual micromirrors or N micromirrors of a pixel of the
modified digital micromirror device 29) are “near” to the
lens focus, then the image A',B', . . . ,Z', is magnified and
“far”. In this case, the magnification, q, is given by q=d,,/d_,
where 1/d_+1/d,=1/f;, where {; is the focal length of lens L5
and d, is the distance between the lens and the modified
digital micromirror device. It should be understood that if
d_~f,, d, is very large (d,>>f,) and hence q>>1. Combining
the single lens L, with a lenticular sheet S, 29, and with
additional reference to FIG. 18, the image points
A",B", ... ,Z" represent a magnified image of the modified
digital micromirror device. It should be understood that
although the relative angular dispersion between light rays is
maintained, there is a large absolute angular distortion, e.g.,
the exit angle y5" of output ray 3 is much larger than its input
angle y5. In order to correct this distortion, each lens of the
screen S may be endowed with an optical component which
renders output ray 3 parallel to the axis; in the present
embodiment, this component may suitably be a small prism,
S, 39, as shown in FIG. 19, forming a tapered screen.
Another embodiment of the present invention relies on an
afocal optical system as described supra (see FIG. 15) and
utilizes a standard (i.e., unmodified) digital micromirror
device for producing a three-dimensional image of a three-
dimensional scene. In this alternative embodiment, and with
additional reference to FIG. 20, a standard digital micro-
mirror device 35 is used in conjunction with an afocal
optical system composed of lens L, 14, and lens L, 15.
Lens L, is large enough to completely cover the digital
micromirror device, which is placed a distance f; from the
lens, where f; is the focal length of L;. In the present
embodiment, a lenticular screen S, 49, is placed at a distance
f, from lens L, where f, is the focal length of L,. The screen
S consists of a set of lenslets which act as optical trans-
formers. Each lenslet or optical transformer in the screen S,
49, covers each individual pixel in the magnified image,
where each pixel corresponds to a set of N micromirrors in
the digital micromirror device (in the present embodiment of
the invention N=4); this is similar to the embodiments using
LCD’s or LED’s as shown in FIG. 11 and FIG. 12, respec-
tively. It should be understood that the present embodiment
utilizes a lenticular screen whose individual lenslets encom-
pass a set of N micromirrors (corresponding to a “pixel” in
the display device), so that each optical transformer is used
to provide light rays from each pixel in a set of distinct
directions, in a manner analogous to that described for the
LED and LCD alternative embodiments of the invention
(see rays 1 and 2 emitted by two micromirrors of the pixel
A in shown in FIG. 20). It should be appreciated that the
three-dimensional image of a three-dimensional scene is
obtained by driving the digital micromirror device 35 with
an appropriate set of display-excitation electrical-input
signals, which are determined according to the methods
disclosed herein in relationship to the radiance pattern
emitted by the screen S, 49, of FIG. 20. Finally, it should be
understood in general that the display device includes a
suitably adapted set of optical components necessary for
viewing the three-dimensional image of the three-
dimensional scene. An excellent description of a digital
micromirror device may be found in the paper by Peter F.
Van Kessel et al., “MEMS-Based Projection Display,” in
Proceedings of the IEEE, Vol . 86, No. 8, August 1998, pp.
1687-1704, and which is incorporated by reference hereinto.
This publication also describes a “digital device engine”
which includes a digital micromirror device together with
driving and interface electronics for image display.
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In another embodiment of the invention, the cameras are
not oriented parallel to one another, as shown in FIG. 1. In
this alternative embodiment, and as shown in FIG. 21, the
cameras are maintained in a set of “tilted” or oblique
positions with respect to one another. It may be readily
understood that a similar analysis may be carried out with
respect to the tesseral harmonic expansions of the scene and
display radiances, although the mathematics become some-
what more involved. It is useful to therefore present the
exact set of equations associated with this alternative
embodiment. It should be further understood that the fol-
lowing mathematical presentation encompasses not only
tilted cameras but also the use of either stigmatic cameras
(i.e., the standard television camera with its associated
“stigmatic” optics) or astigmatic cameras (e.g., sensor or
detector arrays). A description of the theory of astigmatic
imaging can be found in the book, Geometrical Optics, An
Introduction to Hamilton’s Method, by J. L. Synge, Cam-
bridge University Press, London, England in 1962, on pp.
76-84, and is incorporated by reference hereinto. A refer-
ence on visible array detectors, which may be considered to
be an embodiment of astigmatic cameras, can be found in
the book Handbook of Optics, Devices, Measurements and
Properties, Second Edition, Vol. I, Michael Bass, Editor-in-
Chief, published by McGraw Hill, New York, N.Y., Chapter
22, and is incorporated by reference hereinto.

It should therefore be understood that the present inven-
tion may be embodied in a variety of ways, with the
currently preferred embodiment including parallel stigmatic
cameras 12, as shown in FIG. 1. An alternative embodiment
utilizes tilted stigmatic cameras, as shown in FIG. 21, where
each camera 12 is mounted on a gimbal 40 having two
degrees of freedom. The gimbal allows for convenient
positioning of its attached camera. Yet another embodiment
of the invention utilizes parallel astigmatic cameras 12', as
shown in FIG. 22. A further embodiment utilizes tilted
astigmatic cameras, as shown in FIG. 23, where each
astigmatic camera 12' is mounted on a gimbal 40.

These alternative embodiments of the invention, and with
further reference to FIG. 24, can be described in a compre-
hensive analytic fashion as follows. As noted earlier, d,, is
the distance of the plane conjugate to the detector of camera
m from the input principal plane of the optics of camera m.
The distance both of the origin of the coordinates of camera
m and of the camera m imaging plane itself from the input
principal plane of the optics of camera m, is c,,. It should be
understood that d,, may generally differ from c,,, but for a
stigmatic camera as used in the presently preferred
embodiment, ¢,,=d,,. For an astigmatic camera, c,,>>d,,. Let
(Xom> Yoms Zom) be the offset of the origin of the camera
coordinates from the gimbal or tripod center, and (a,,-X,,,,
b,,—Yoms Z) e the offset of the center of the gimbal or tripod
from the origin of the coordinates of the object space
coordinates, where the window is located. With additional
reference to FIG. 24, the following matrices are defined:

1 0 0 ay-—Xom (26)
A= 01 0 by—Yom
001 Zm
000 1
COSMPem  —SiNPpCcOShpy  SiNPepsind,, 0 (27)
T Sinden  COSPmCOben  —COSPySindy, 0
"o 0 sinf,,, o8O 0
0 0 0 1
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100 Xom (28
010 m
P, = Yo
0 0 1 zon+Cm—dn
000 1
where the angles ¢, and 0_,, are the pan and tilt angles of

rotation of the m” camera on the gimbal, respectively. These
matrices, i.e., Egs. 26-28 are used for geometrical transfor-
mations of the image coordinates, and are described in the
reference Digital Image Processing, 2nd Edition, by Rafael
C. Gonzalez and Paul Wintz, published by Addison-Wesley
of Reading, Mass. in 1987, pp.36-54, and which is incor-
porated by reference hereinto. Now by defining the auxiliary
coordinate Vectors [X,, ;*, Yy i*s Zp 5> 117 and [X,,*, Y, %,
* 177, the following relationships hold:

X X (29)
" = AT P Imi
L
1 1
X X (30
Y Y
" | = AT F,
Z; dm
1 1

The superscript (*) labels the values of the coordinates of a
given point in the object space, as shown in FIG. 24. In Eq.
29, the double subscripts (ij) occur because each coordinate
in the object space depends on both indices i and j, which
identify respectively the x,, and y,, axes in the camera
coordinates. Then, the expression for the total light power
received by pixel (i,j) of the detector of camera m,
m=1,2, . . . ,M, can be approximated by:

2 &)
Lty j) = f f ZR Comgis i Ky (X, Yo 0, pd XA Y
Pyp=1
where
Ko (X Vs iy )= ¥y @ 6 Z;(Z,‘;—z:;,g-) (32)
(X, Y, 0 i P
P ij J r?n,ijrcvm,ij
mg = Xy, = X)) + Yy = Y + Z37 (33)
Fomis = Xy = X 4 (= i+ (B = 2 34
35
cos@,’;yij: i 35
mij
\/(XJ, = Xl + (Vg = Y (36)
sin@fm-j:
T
. (X = Xmij) 37
cosdy, ;i =
N gy = 2+ (Vg = Yn?
Yo = Ymij 38
sing? (Y5 = Ymij) (38)

mij =

N K= 0 + (Vi = Y
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-continued
X, = Zntmii ~ Xy @9
" Zm - Zm,ij
Vi = Zy Vmij = Y (40)
" Zy = T

Egs. 26—40 are used to solve for the set of display-excitation
electrical-input signals, W,,, in a manner similar to that used
in the presently preferred embodiment described previously
in Eq. 3. The solution requires the numerical evaluation of
the integral, Eq. 31, and, because of the dependence of the
arguments, X, ; and Vm; Of R, on the variables of
integration, X and Y, in this alternative embodiment (see
Egs. 26-30 and Eqgs. 32-40), R, cannot be removed from
inside the double integrals. Hence the numerical solution of
Eq. 31 will involve a more complex set of equations
compared with the solution to Eq. 3; however the resulting
equations remain linear in terms of the solution for R, and
thus the techniques already disclosed herein can be utilized.
The integrations in the presently preferred and alternative
embodiments of the invention are numerically evaluated
using a trapezoidal integration rule, according to the descrip-
tion provided in Numerical Recipes in Fortran The Art of
Scientific Computing 2nd edition, by William Press et al.,
Cambridge University Press, Cambridge, England, 1992,
Chapter 4, which is included by reference hereinto. It should
be further understood that any numerical integration proce-
dure can be utilized, and that any quantitative method and
means can be used to solve Eq. 3 and Eq. 31. It should be
understood that the solution of Eg. 31 for R, is to be used
in Eq. 24 to solve for the display-excitation electrical-input
signals, W(x,y). It should be appreciated, however, that the
depth of field available in present cameras allows the tilted
stigmatic camera embodiment to be implemented using a
mathematical formulation analogous to Eq. 11.

It is also to be understood that certain nonlinear solution
techniques can also be utilized for the solution of both Eq.
3 and of Eq. 31, in order to deal more effectively with the
effects of noise and nonlinearities and non-ideal natures of
the various components used in the present invention. These
nonlinear techniques can be understood to include the use of
neural networks; see for example the book Neural Networks
A Comprehensive Foundation, by Simon Haykin, published
by IEEE Press, 1994, and incorporated by reference here-
into. In such a variation of the present invention, the outputs
of the video cameras serve as inputs to an appropriately
configured neural network, whose outputs are themselves
the set of display-excitation electrical-input signals. In this
alternative embodiment, Eq. 24 is not utilized in evaluating
the display-excitation electrical-input signals, but it is to be
understood that both linear (as with Eq. 24 and Eq. 25) and
nonlinear techniques for evaluating W(x,y) are within the
spirit and scope of the present invention. In the present
nonlinear embodiment, the neural network is first configured
or trained on a set of data (i.e., the “training data set”)
consisting of known three-dimensional still or dynamic
scenes. The neural network serves as a means for encoding
the set of two-dimensional views into the set of display-
excitation electrical-input signals. It should be understood
that the neural network can be implemented in either soft-
ware or hardware; in a currently preferred embodiment of
the invention, a neural network may suitably be imple-
mented in software, using computer 14 in FIG. 1, FIG. 21,
FIG. 22 or FIG. 23, respectively. Again, it is to be recognized
that the neural network as herein disclosed can be either a
linear or nonlinear mapping of the set of two-dimensional
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views into the display-excitation electrical-input signals. It
is to be further recognized that such a linear or a non-linear
mapping can be configured a priori or upon identification of
a set of parameters contained in the linear or non-linear
mapping. Finally, it should be appreciated that the derivation
of the display-excitation electrical-input signals in this
embodiment is a direct approach, not requiring the explicit
expansion of the local radiance in terms of an orthogonal
series.

It will be additionally understood that the video cameras
shown in FIG. 1, FIG. 21, FIG. 22, and FIG. 23 can in the
preferred and alternative embodiments of the present inven-
tion be adapted for control and communication of their
respective spatial positions and optical settings to the pro-
cessing computer (indicated by the dashed lines 33 in the
respective figures connected to the cameras and serial port
23 of computer 14), thus enabling the use of practical and
modern television production techniques. It should also be
understood that knowledge of the positions and optical
settings of all the cameras used in all of the presently
preferred embodiments must be available for solving Eq. 3
or Eq. 31 for the display-excitation electrical-input signals.

It will be seen also that the methods and apparatus
disclosed herein encompasses not only monochrome display
of three dimensional scenes, but also the display of full color
three-dimensional images. In this case, it will be understood
that the processing as described herein is applied to each
separate color utilized for display. It is to be understood that
the camera detector is assumed in the presently preferred
embodiments of the invention to absorb light according to
Lambert’s cosine law. However, any other radiometric char-
acteristic of the detector can be easily incorporated into the
present invention through appropriate modifications of Eq. 4
or Eq. 32. It is further to be realized that chromatic aberra-
tions can be addressed using techniques well known in the
optical sciences, although the present invention does not
make explicit use of these improvements and modifications.
An important point to be understood for the disclosed
invention is that the displayed three-dimensional image and
associated three-dimensional scene need not be of the same
size. In particular, by inclusion of an additional magnifica-
tion factor, similar to u,,, a complete variety in displayed
image sizes, relative to the original three-dimensional scene,
can be produced. Similarly, a large range in display device
sizes relative to the size of the displayed three-dimensional
image as well as to the size of the associated three-
dimensional scene should be understood to be achievable
with the methods and apparatuses disclosed herein. It should
be pointed out, however, that the degree of stereopsis (or
autostereoscopy) displayed will by necessity depend on the
relative size of the displayed image, due to the fact that the
distance between a viewer’s two eyes are fixed (at approxi-
mately 7.6 cm (about 3 inches). Additionally, it should be
recognized that all the embodiments and variations of the
display device, including for example, micromirrors, LCDs,
LED, fiber optics, grating light valve and cathode ray tubes,
can be utilized in all the various embodiments as presented
in FIG. 1, FIG. 21, FIG. 22 and FIG. 23, and described by
Egs. 26—40. It should also be pointed out that in some
alternative embodiments it may be desirable to provide a
three-dimensional view for observers with only two degrees
of freedom (i.e., Xx-z or y-z) or only one degree of freedom
(x or y or z only). In another variation of the present
invention, it should also be understood that the terms used
in the tesseral harmonic expansions of Eq. 3 and Eq. 31 need
not necessarily be sequentially chosen. For example, the
expansion in Eq. 2 can be written as
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o (41)
RG, 3,0, 8)= )" Ropet (%, ) 2p1 0 ¢)
p=1

In this case, Q terms in total are used, except that
p=3,5,7,...,2Q+1 are the only terms used in the expansion.
In one alternative variation, the terms in the tesseral har-
monic expansion are chosen in order to enhance the quality
of the displayed three-dimensional image from a point of
view which is coincident with the z-axis. Other choices for
terms used in the tesseral harmonic expansion will be
understood to provide three-dimensional images of higher
quality depending on the relative degrees of freedom
allowed for the observer positions.

It should be understood that the respective embodiments
and variations of the invention can be implemented using
either analog or digital processing techniques and that these
techniques can be further understood to include the use of
“real-time” signal processors. Thus it is appreciated from the
foregoing that the present invention can be utilized for
three-dimensional display of both “still” three-dimensional
scenes or dynamic three-dimensional (television and video)
scenes. It should also be recognized and appreciated that not
only can tesseral harmonic functions be used, but that any
orthogonal set of functions may be utilized in the expansion
of Eq. 2. For example, one such set of functions can be
constructed from the set of Tchebychef polynomials. An
excellent reference for the theory of orthogonal functions is
the book Orthogonal Functions, Revised English Edition, by
Giovanni Sansone, Dover Publications, Inc., New York,
N.Y,, in 1991, and which is included by reference hereinto.
Another excellent reference on orthogonal functions is the
book Handbook of Mathematical Functions, M. Abramow-
itz and I. A. Stegun, Dover Publications, New York, 1965,
ninth printing, and which is incorporated by reference here-
into. It should also be noted that not only can any orthogonal
function be used but any orthonormal function should be
understood to be within the scope of the present invention as
well. (Orthonormal functions are also orthogonal functions
but are numerically scaled in such a way such that their
associated integrals evaluate to one.) An important class of
orthogonal functions well suited to many practical problems
are known as wavelets, which should be understood to be
included as part of the present invention. Wavelets allow a
“multiresolution analysis” to be performed on the radiance
function, according to the methods disclosed herein. An
excellent reference on wavelets is provided by the book
Wavelets and Filter Banks, by Gilbert Strang and Truong
Nguyen, published 1996 by Wellesley-Cambridge Press,
Wellesley, Mass. As additional points, it is important to
understand that the methods disclosed herein may be applied
not only to three-dimensional scenes per se as in video or
television, but can also find applications in microscopy, as
well as in the general field of computer graphics, including
virtual reality and head-mounted display systems. These
applications can also include volumetric rendering, as in the
field of three-dimensional medical imaging and material
testing. In such applications, a scalar function e(x,y,z) is
assumed to be given. This scalar function may correspond to
any one of a number of material parameters of a physical
object or set of objects, including for example, a visco-
elastic modulus, an electric permittivity or an absorption
coefficient. In order to obtain a three-dimensional
(synthesized) scene associated with the scalar function e(x,
¥,Z), it may be assumed that the center of each voxel (i.e., the
center of each volume element of the three-dimensional
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object) is an isotropic point source which radiates an amount
of light power given by e(X,y,z) in all directions according
to Lambert’s law. It should be then understood that the
methods and apparatuses for three-dimensional display dis-
closed herein may be applied to the three-dimensional
(synthesized) scene associated with the scalar function e(x,
y,z). It should be further understood that an arbitrary one-
to-one function may be applied to the scalar function e(x,y,z)
to achieve particular visualization objectives, as for example
to obtain a specific contrast level in the produced three-
dimensional image. It should also be noted that the three-
dimensional (synthesized) scene associated with the scalar
function e(x,y,z) may be considered to be formed under a
variety of configurations of light sources, which may or may
not be isotropic, for example. Moreover, the three-
dimensional (synthesized) scene associated with the scalar
function e(x,y,z) may be considered to be formed by one or
more external light sources which are attenuated by the
three-dimensional object, whose absorption coefficients at
each voxel are assumed to be proportional to the scalar
function e(x,y,2).

It is useful to point out the details for yet another
embodiment of the invention, in which the viewers are
assumed to have only two degrees of freedom. For example,
in a presently preferred embodiment, observers are assumed
to “move” only in an “x-z” degree of motion, that is
horizontal (“x”) and perpendicular (“z”) with respect to the
display; an autostereoscopic multiviewpoint three-
dimensional image in this framework provides for three-
dimensional viewing with observers moving in the “x-z
space.” Additionally, if the observer point of view is moved
vertically (“y”), the image does not change (within the
limitations of the distortions due to parallax artifacts). This
embodiment, in which constraints exist on the degrees of
freedom of the observers, can be useful in cases where less
costly and simpler implementations are needed. For
example, and with further reference to FIG. 25, two video
cameras 12 mounted together on a single fixture can be an
appealing configuration for the mass consumer market. This
arrangement allows, for example, a single individual to
acquire all the two-dimensional views necessary (in this case
two) for deriving the set of display-excitation electrical-
input signals to drive an appropriately adapted display
device 59. In the present alternative embodiment, the two
cameras are parallel to one another, but it should be under-
stood that other configurations of the cameras can be
utilized, as described supra.

In the derivation of the display-excitation electrical-input
signals for this alternative embodiment and with additional
reference to FIG. 10, it is assumed that the distance c,,>0,
and that the differences [X-x,, | and [Y-y,, | have a positive
upper bound, namely c,, such that [X-x,, |<c, and [Y-y,,
i<co, for any X, Y, x,,,; and y,,  (where the definitions of the
variables X, Y, x,,, ;, y,,, ; and ¢, are the same as given supra).
Thus it is possible to choose arbitrarily a constant parameter
¢, such that |X-x,, |(Cc,)=1 and [Y-y,, |(Cc,)=1, for
every X, Y, X, ;, ¥,,; and c,,,. It is then possible to charac-
terize any light ray in terms of the auxiliary variables 1) and
Q, defined as follows:

42)

cosy = g’c};myj
X = X 43
cosf) = ~ “3)
Lem

The angles ¢ and Q vary in the range [0,7t] and the direction
cosines of the light rays can be expressed as:
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X —x.:
cosh, = Xon,j 44
VX =20 = (¥ =y + G,
_ ZLeosQ)
$2(cos?Q +costy) + 1
Y-y .
cosd, = Ymj 45)
VX =20+ (Y = 3 2+,
Leosy
\ £2(cos?Q + cos?y) + 1
cosd = Cm (46)

VX =202 + (Y =y P 43
1

\/gz(coszﬂ +cos?y) + 1

where 6,, 6, and 6 are the angles between the ray and the
x-axis, y-axis and z-axis, respectively. It should be under-
stood that any ray can be identified by means of cos ¢y and
cos Q. Then the image radiance R at the reference planar
window can be expressed as a function of the Legendre
polynomials P, :

0 00 (4’7)
RG, .0, Q)= 3" )" R, )Pslcosy)Py(costd)

=0 5=0

It should be appreciated that in this embodiment of the
invention an alternative orthonormal set has been utilized in
the expansion of Eq. 47, namely, P,(cos ¢) and P (cos Q),
where P,,(1), -1=m=1, are the Legendre polynomials of the
first kind. A useful reference for these orthonormal functions
can be found in the book Field Theory Handbook, by P.
Moon and D. Eberle Spencer, published by Springer Verlag
in 1961, pages 209-210. The use of [P,(cos 1)) P(cos Q)] is
an alternative to the use of tesseral functions, Y,(6,9), and
such alternative orthogonal functions can be useful for
deriving the display-excitation electrical-input signals, as
pointed out supra. It should be further understood that any
arbitrary function of n=cos () may be expressed as a series
of the orthogonal Legendre polynomials of the first kind
P, [cos()]. The integral radiance function, F(x,y,) [Wm™],
at point (x,y) of the window plane may be expressed as

Py & 43)
Fix, y,4) = f Rx, y, ¢, Q)d X = Z Fi(x, y)P,(cos)
—Px =0
where F,(x,y) is given by
= Py 49)
Fyx, y) = Z Rys(x, ) f Py(cos)d X
_p,
=0

It should be recalled that 2P, and 2P, are the dimensions of
the camera pupil at the input principal plane of the camera.
It can be shown using suitable approximations that the light
power, L (i,j), received by pixel (i,j) of camera m is given
by
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Gl (50)
LGy ) )" FyCimi + s Y+ by iy (-+2)
r=0
where
Hy ()= Hop (X = X ¥ = Yo s C) (51
P 2
= 4d2,u,2,,f 7 Pocosp) 2 d Y
—-P faa
y my
and
1 P 52
[ — X(x_x,,,i)zdxuy—ymj)hcfn ©2
o4 2Px _p, > >

Carrying out the shift by ., and 3, as given by Egs. 13 and
14 leads to:

© (53)
Ln(i =iy = Bu) = ) Fills DHorlis )
=0
where
Py 2 (54)
Holi, ) = 442, f Pycos)— gy
—Py my(i=0 )= Bm)
and
Y= Ym i 55
cosiy = L7 Vmitm (53)
Lom

It should be understood that the parameters H,,, play the
same role as the G,,, in Eq. 12. Note also that F,(i,j)
represents F,(2 diu,,,2 dju,,). If the summation in Eq. 52 is
truncated at N terms (i.e., r=0,1,2 , , , N-1), it can be
expressed as

L=HF (56)
where L, H and F are Nx1, NxN and Nx1 matrices,
respectively. In analogy to Eq. 16, H can be inverted to
obtain

F=H'L (57)
In an analogous derivation as disclosed supra for the
display-excitation electrical-input signals (see Egs. 17-25),
we can express the integral radiance function, A(X,y,})
[Wm™] as:

Py (58)
A, 3, 9) = f DG, y, ¢, 0 X

PX

and

N (59
AG . 0) = ) Wox 1IC,W)

p=1
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where
& (60)
Cpl) = " cqpPylcosy)
q=0
By letting

N 61)
Agle y)= Y cpWpln, y)
p=1

the integral radiance function of the display may be
expressed as

& (©2)
A=) Agx YIP,(cosp)
=0

It is natural to consider only a finite set N of P, polynomials
so that

(63)

and to identify the A, with the F,. In matrix form, this
becomes:

A=CW (64)

where A, C and W are Nx1, NxN and Nx1 matrices,
respectively. In analogy to Eq. 25, the following equation
may be written:

W=[HC]™L (65)

Eq. 65 should therefore be understood to represent the
display-excitation electrical-input signals for this alternative
embodiment of the invention. It should also be understood
that all the variations disclosed herein may be applied to the
present embodiment. For example, it should be appreciated
that Q=N orthogonal polynomials can be used in the
solution of Eq. 65.

It should be further understood that the invention as
described herein can include a reflecting screen onto which
the three-dimensional image is projected by the display
device and its associated optical system. In this alternative
embodiment, the display device can be understood to
include not only the associated optical system but the
reflecting screen as well. It should be understood that the
optical system is designed to establish a one-to-one corre-
spondence between the pixels of the display and the pixels
of the reflecting screen (that is, it operates as a stigmatic
optical system). In this alternative embodiment, the reflect-
ing screen is a planar surface coated with a suitable set of
layers, characterized by its specific reflectance intensity,
p.(0,,0.,0,0). The screen reflectance, p (6,,9.,0,0), gives the
reflected portion of the light incident intensity (flux density)
at any point of the screen along the direction (6,,¢,), which
is reflected in the direction (8,¢). Note that the screen is in
the (x,y) plane, (8,,0,) are the spherical coordinate angles
(referred to the z-axis orthogonal to the plane) of the
direction of an incident ray, and (8,¢) are the spherical
coordinate angles of the direction of a reflected ray. The
reflecting properties of the screen are such that the pattern of
reflected light at each point depends on the direction of the
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incident light. The display-excitation electrical-input signals
can be derived in an exactly analogous fashion as described
supra for the embodiments of the invention which do not
incorporate a reflecting screen. This is accomplished using
an expansion into spherical harmonics of the screen reflec-
tance intensity, p,(6,,9,,8,0):

Ps0ss 85 0.9)= D > prg¥ilO, $)Y, 6, ¢) (66)
roq

The display-excitation electrical-input signals, W, are then
expressed by

W=(GZ)™L (67)
Eq. 67 is identical in form to Eq. 25, with S in Eq. 25
replaced by 2 in Eq. 67. The computation of X, which
incorporates the screen reflectance intensity, py(0, 4,0,0), is
straightforward from the descriptions contained supra. It
should therefore be appreciated that the invention disclosed
herein includes production of a three-dimensional image on
a reflecting screen.

It should be understood that the disclosed invention has
applications not only in 3D display of 3D scenes, but also in
computer graphics as well. Although this has already been
pointed out supra, it is worthwhile to provide a more detailed
description of the invention specifically for this application.
In one alternative embodiment, the functions R,(i,j),
p=1, ... N, for each pixel i,j, as given for example in Eq.
11, are assumed to be known. Then, any planar view, m, of
the original 3D scene can be re constructed using the
“forward solution,” as given by Eq. 11, repeated here:

(1

N
Lp(i = @y j = Bm) = ZRp(ia DGmpis J)
=1

In this equation, L,, is one pixel of the particular planar view
(i.e., the m” view) desired of the 3D scene, while G,
represents a set of functions which are independent of the
original 3D scene itself and thus can be computed a priori.
The G,,, are given by Egs. 12~14, and include the specific
position from which it is desired to view the 3D scene. Eq.
11 must be repeated for each pixel i,j, of the desired view.
In a presently preferred embodiment, i=1, . . . ,480, and
j=1,...,512. Thus it should be understood that the entire 3D
scene, i.c., the entire set of graphical information of the
original scene, is represented by the set of data, {Rp(i,j),
p=1,...,N,i=1,... L j=1,...J}, where I and J are the
number of pixels in each view in the x and y directions,
respectively. Thus the invention in this embodiment should
be understood to be both an efficient method by which to
store the original 3D data by means of the N functions
R, (i,j), and also as a method to efficiently display it in any
arbitrary or set of arbitrary (2D) views. The invention may
thus be considered as an efficient method and apparatus to
perform 3D image interpolation and extrapolation. As an
alternative and yet additional embodiment of the invention
for computer graphics display, a set of planar views of a 3D
scene is given. In this embodiment, the functions R (i,j),
p=1, . .. N, for each pixel i,j, are evaluated using Eq. 11
where the M functions (i.e., views), L (i-a.,,j-f,.), are
given. Then, any planar view of the original 3D scene can be
reconstructed using the “forward solution” again, as given
by Eq. 11. In this case the extrapolated or interpolated view
or set of views is evaluated or computed using appropriate
values in Eqgs. 12-14, as required for the chosen view(s),
according to the methods disclosed herein.
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The previous embodiment for graphical display of a 3D
scene utilized the set of equations (Egs. 11-15) in which the
cameras (i.e., 2D views) were assumed to be parallel to one
another and their optical axes all normal to the planar
window. In yet another alternative embodiment of the inven-
tion for application to computer graphics, the set of equa-
tions corresponding to tilted cameras is used, i.e., the
cameras or 2D views are not necessarily parallel to one
another nor are their optical axes all normal to the planar
window. In this embodiment, the pixel value of a tilted 2D
view, L, (i,j), is provided by Eq. 31, also repeated here for
convenience:

Py [Py & (31)
Luli, )= 442, f f " Ry i Ymi Ky (X, Y, d XA Y
-

Fy p=1

where the K*,,,, are given by Eq. 32, and are related to the
orthogonal functions selected. In this alternative
embodiment, the orthogonal functions used are the tesseral
harmonic functions, but it should be understood that any set
of orthogonal or orthonormal functions can be utilized. It is
also to be understood that in contrast to the 2D views
provided by Eq. 15, the 2D views provided by Eq. 31 are
oriented in essentially any arbitrary direction. Thus, this
embodiment of the invention may also be understood to be
both an efficient method to store the original set of 3D data
(i.e., the set of data corresponding to the original 3D scene)
and also as a method to efficiently display it in any arbitrary
2D view or set of arbitrary 2D views. The invention also
may thus be considered as an efficient method and apparatus
to perform 3D image interpolation and extrapolation. In the
present embodiment, it is assumed that the functions R (i,j),
p=1,...,N, for each pixel i,j, are known. In yet an additional
alternative embodiment, the functions R (i,j), p=1, . . . ,N,
for each pixel, i,j, are evaluated or computed using a set of
tilted planar views, using Eqgs. 26—40. Then, any tilted planar
view or set of tilted views, of the original 3D scene, can be
reconstructed using the “forward solution,” as given by Eq.
31. In this case the extrapolated or interpolated tilted view
or set of tilted views is evaluated or computed using appro-
priate values in Eqgs. 2640, as required for the chosen
view(s), according to the methods disclosed herein.

As a further alternative embodiment of the invention, it
should be appreciated that the original 3D data and the
associated set of 2D views may be generated by computer
software. For example, a three-dimensional scene can be
represented in a computer using various software packages.
In one alternative embodiment, a 3D scene is represented as
a “DXF” file. The DXF file is a standard format often used
in the computer graphics community, and has been popu-
larized by the software package “AutoCAD,” which is
available from Autodesk, Inc., located in San Rafael, Calif.
In this embodiment utilizing computer software, the distri-
bution of light from the (simulated) 3D scene may be
suitably evaluated or computed using another software
package, Lightscape, available from Lightscape
Technologies, Inc., located in Montreal, Quebec, Canada.
This software provides the ability to simulate on a computer
the complete distribution of light (i.e., radiance) at any
arbitrary position. In the present embodiment, a set of M 2D
views is most suitably computed using a 3D scene simulated
with AutoCAD and Lightscape, although it should be appre-
ciated that any appropriate computer software and any
graphics files formats may be utilized. It should be also
understood that these 2D views serve exactly the same
purpose as the views which may be acquired with actual
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imaging hardware, ¢.g., video or still cameras, according to
the methods disclosed herein. Thus, in this alternative
embodiment, 3D display of a (simulated) 3D scene is based
on the 2D views acquired not from cameras or other hard-
ware but from data simulated entirely with software. Thus,
it should therefore be understood, that all the methods and
apparatuses disclosed herein can be utilized with simulated
2D views, including for 3D display and computer graphics
applications.

As yet a further embodiment of the invention, computer
software is used to produce the entire local radiance
function, R(x,y,0,0), in units of watts per square meter per
steradian solid angle (Wm™sr™), at the reference planar
window, corresponding to a (simulated) 3D scene. In a
presently preferred embodiment, the software 3D Studio
(Autodesk, Inc., San Rafael, Calif)) is used to produce a
simulated 3D scene, and Lightscape (Lightscape
Technologies, Inc., Montreal, Quebec, Canada) software is
most suitably used to generate the associated local radiance
function R, although it should be understood that any
software implementations can be utilized. In this present
embodiment of the invention, the decomposition of the
radiance function R in terms of the functions, R, is achieved
directly, using Eq. 2, without the use of the pixel intensity
expression, Eq. 3. To achieve this, both sides of Eq. 2 are
multiplied by Y (6,4)sin 6, and then integrated with respect
to 0 and ¢:

2T . (70)
f f” R(x, . 0, $)Y (6, $)sind 0l § =
0 0

2n X
f f ZRp(x, VY, (0, $)Y,(0, $)sindd 0d
o Jo o5

Because of the orthogonality of the functions Y (0,¢), Eq. 70
reduces to:

L . 1)
Ry(x, y) = c_ﬁ fonR(X, v, 6, $)Y; (6, $)sinfd 0d ¢
q

In Eq. 71, ¢, are (normalizing) constants related to the
specific choice of orthogonal functions used and do not
depend in any way on the image data itself:

2r
g = fo fo" Y2(0, ¢)sinfd 0d ¢

In the present embodiment, the values of ¢, can be found in
the book Electromagnetic Theory by Julius Adams Stratton,
published in New York by McGraw Hill in 1941 and
included by reference hereinto, viz., see Eq. (19) on p. 403.
It should be understood that although the constants c, are
indexed by a single parameter (e.g., “q”), the tesseral
harmonics used in the present embodiment contain two
indices (in the book by Stratton, these are indicated by “n”
and “m,” where n is an integer =0 and m is any integer such
that |m|=n).

It should be recognized that any set of orthogonal (or
orthonormal) functions can be utilized in the various
embodiments of the present invention, including in 3D
display (as in video and television) or in computer graphics
generally, and the use in the present embodiment of tesseral
harmonic functions, should not be construed as limiting in
any way. It should be appreciated though that any particular
choice of orthogonal (or orthonormal) functions will gener-
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ally have associated with it a specific association of indices.
In the presently described embodiment, the evaluated coef-
ficient functions, R, can be utilized with any of the 3D
display or computer graphics embodiments of the invention,
disclosed herein. It should be appreciated that the coefficient
functions, R ,, may be referred to as functions, R ,, or simply,
R ; no distinction is intended between them in this disclo-
sure. Finally, it should thus be appreciated that computer
software and the data generated therefrom can be used to
evaluate the local radiance function, R, the functions, {Rp},
and/or the parallel or tilted 2D view(s), {L,.(i,j)}. FIG. 26
displays a diagrammatic flowgraph illustrating the various
hardware and software embodiments disclosed of the
present invention.

It is useful to describe several additional alternative
embodiments of the display means which is connected for
response to the set of display-excitation electrical-input
signals. As already pointed out supra, the 3D display of a 3D
scene is achieved by controlling the radiance pattern of each
pixel of the 3D display. In the presently preferred embodi-
ments of the invention, it should be understood that control
of the radiance patterns of each pixel is most suitably
achieved through control of the intensities of a set of
“sub-pixels” of which each pixel is comprised. It should be
further understood that the control of the radiance patterns of
each pixel is most suitably achieved through use of special-
ized optics adapted for distributing the light in a suitable
manner, but the invention should be considered to include
any display means by which the radiance pattern of each
pixel may be controlled. It is to be appreciated that the
specialized optics used in the various embodiments of the
present invention may generally be considered to include a
“light phase encoder.” Such a light phase encoder serves as
a means to deflect incoming rays of light in a specified
direction or set of specified directions, in order to achieve a
desired radiance pattern. In some of the embodiments dis-
closed herein, the light phase encoding is obtained by means
of an array of lenslets, with each lenslet covering a pixel, i.e.,
the ensemble of its associated sub-pixels. In other
embodiments, the light phase encoding is achieved with
prisms. It should be understood that light phase encoding
can be realized in a number of ways, for example with
refraction-index-gradient sheets, prisms, or lenses, or even
holographically, and that the present invention can be real-
ized with any suitable light phase encoding means.

As additional embodiments then of the invention with
specific descriptions of the 3D display means, and with
additional reference to FIG. 27, the light intensity encoding
of each sub-pixel is achieved by means of the active sources
7 and 8 which are shown as approximate point sources of
light. Collimating lenslets 11 and 12 are used to collect the
light from active point sources 7 and 8 and collimate the
light onto prisms 21 and 22, respectively, whose index of
refraction is n. The prisms deflect the light onto an angle v,
to produce collimated deflected beams 31 and 32. Shown on
the left and right respectively of FIG. 27 are two different
prisms with two different angles at which the deflected
collimated beams emerge. The prisms in FIG. 27 are termed
prisms of type “A,” to distinguish them from the type “B”
prism as displayed in FIG. 28. With reference to FIG. 28,
and with description only of the elements differing from
those in FIG. 27, it will be observed that in a type “B” prism,
a “mirrored” surface 40 is utilized in order to obtain a
deflected beam 31 at the desired angle y=a. It can be
observed that the angle a in FIG. 28 can in general be larger
than the angle o in FIG. 27. It should be understood, that
such a larger angle o as in FIG. 28 can also be obtained
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without use of a mirrored surface per se, by taking advantage
of the property of total internal reflection for large angles of
incidence of light on surface 40. This occurs if n cos a/221.
In the presently preferred embodiments of the invention,
a=90°, so that total internal reflection always occurs if the
index of refraction of the prism is larger than 1.41. Prisms
of type “A” and type “B” can be combined, as shown in FIG.
29, for controlling the radiance pattern of a single pixel 3,
using a set of sub-pixels 13. Each sub-pixel shown in FIG.
29 is either a type “A” or type “B” prism. By controlling the
source intensity at each sub-pixel, a desired radiance pattern
is obtained, according to the methods disclosed herein. It
should be appreciated that FIG. 29 represents a simplified
cross-section of an overall pixel of the display means. As yet
further elaboration of the display means and light-radiating
elements, FIG. 30 and FIG. 31 display a type “A” and type
“B” prism, respectively, in which the source is not a point,
but may be more appropriately considered to be a distributed
active source 16. In this case, the emerging beam is not fully
collimated, but is instead a set of additional rays 26 emerg-
ing at an angle with respect to the reference deflected
direction, y, as shown. The effect of the divergence of the
rays, which is generally present because of the typically
non-point source nature of real sources, is some overlap of
the individual radiance patterns of each sub pixel, which in
turn “smooths out” the overall pixel radiance pattern gen-
erated by the collection of sub-pixels shown in FIG. 29. This
makes the displayed image more realistic as a representation
of a 3D scene. An excellent reference on prisms in particular
and refracting optics in general can be found in the book
Modern Geometrical Optics, written by Richard Ditteon and
published in 1998 by John Wiley and Sons, Inc., New York,
and included by reference hereinto. This reference even
includes an address of an Internet fileserver, ftp.wiley.com/
public/sci_tech__med, which contains a geometrical _optics
directory providing access to a program named ROSE.EXE.
This program can be used to analyze optical systems with up
to 25 axially symmetric surfaces (reflective or refractive). A
further point to be understood is that a variety of techniques
known in the art can be used to control the degree of
collimation of the light sources, and can be used in various
embodiments of the invention disclosed herein.

As yet a further elaboration of the display means, FIG. 32
shows a single pixel 48 containing 25 sub-pixels A, B,
C, ...,Y. The upper portion of the figure shows the view of
the pixel from the top, while the lower portion of the figure
shows the pixel in perspective view, showing as well the
individual light beams emerging in a distinct set of direc-
tions. It is to be appreciated that in the present embodiment
of the invention, each sub-pixel is made of a prism of either
type “A” or type “B”. This produces, according to the
methods and apparatuses disclosed herein, a desired radi-
ance pattern whereby to produce a three-dimensional image
of a three-dimensional scene. An optical screen containing a
collection of such pixels is most suitably available from
MEMS Optical Inc., of Huntsville, Ala. This company has
the capability to produce a wide range of optical screens,
microlens arrays, diffractives, shaped surfaces, lenslet
arrays, refractive microlens arrays, and a variety of shaped
surfaces, in glass, plastic, or other materials, which can be
utilized to a variety of embodiments of the present invention.

As yet one further elaboration of the display means, and
with reference to FIG. 33, a specialized Fresnel type lens 44
is shown. The Fresnel type lens 44 should be understood to
cover a single pixel in the display means, with each pixel
comprised of a number of sub-pixels. Each sub-pixel con-
tains a collimated light source 14, over which is a ridge, 24,
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whose cross-section is identical to the cross-section of the
type “A” prisms, or a ridge whose cross-section is identical
to the cross-section of the type “B” prisms, 34. Also shown
in FIG. 33 are mirrors of the type “B” ridges, 35. It should
be understood that the present Fresnel type lens embodiment
may be constructed without mirrored surfaces, using the
principle of complete internal reflection in order to achieve
the desired deflection angles, if the index of refraction
n=1.41. It should also be understood that the sources
utilized may not be collimated, or collimated only to a
limited degree, in order to realize the desired control of the
radiance pattern of the display means. It should be further
understood that a collimating lens may be used, or may not
be used, in the Fresnel type lens embodiment, and that each
should be considered to be a variation of the invention
disclosed herein. Finally, the Fresnel type lens of FIG. 33
can be considered to be constructed by an axisymmetric
rotation of the cross-section of the pixel schematically
displayed in FIG. 29.

It should be additionally appreciated that any type of
display technology may be utilized in the present invention
in producing the desired radiance patterns, as for example,
using cathode ray tube, liquid crystal display, plasma
display, light emitting diodes, electroluminescent panel,
vacuum fluorescent display, digital micromirror device or
field emission display. It should be further understood that a
variety of optical components and systems can be used in
order to obtain the desired radiance patterns from the display
means, whereby to achieve (ie., to produce) a three-
dimensional image of a three-dimensional scene. It should
also be appreciated that the specifications of an optical
system utilized in the display means will depend on the
characteristics of the display technology utilized. As one
example, the optical system design will depend on the
degree of collimation of the light sources. In one such
variation of the embodiment of the invention, light emitting
diodes (LED’s) which are relatively well collimated are used
without any additional optical components in the display
means to achieve the desired control of the radiance pattern.
An LED with only 7 degrees of collimation (i.e., viewing
angle) and which is known as type “HLMA-CHO00” is most
suitably available from Hewlett Packard, Palo Alto, Calif. In
this embodiment, a set of LED’s is geometrically positioned
such that the radiance pattern of each pixel, comprised of a
number of LED’s, is controlled by the relative intensity of
each LED (or sub-pixel) and associated relative angular
orientation. Another suitable LED has 30 degrees of colli-
mation which is known as type “HLMP-DD31” and is most
suitably available from Hewlett Packard, Palo Alto, Calif. It
should be appreciated that LED’s with a wide range of
different viewing angles can be utilized, and also that LED’s
with different viewing angles within each sub-pixel itself,
can be used.

It is of value to point out additional details on the
processing of the set of two-dimensional views used to
obtain the set of display-excitation electrical-input signals,
W. To do this, we repeat here in slightly modified form Eq.
25:

(GS)W=L (73)

Eq. 73 was obtained by multiplying both sides of Eq. 25 by
the matrix, GS. It is to be generally understood that Eq. 73
is solved in a least-squares sense, that is, the display-
excitation electrical-input signals, W, are chosen so as to
minimize the cost function, J, viz.:

W=arg min J=arg min|(GS)W-L|,* (74)
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subject to the constraint, W=0. (Here, and elsewhere in this
disclosure, W=0 is a “shorthand way” to state that each
element of W is greater than or equal to zero.) In Eq. 74, “arg
min” denotes the value of W which minimizes J, and the
parallel lines |||, denote the “vector 2-norm,” also known as
the Euclidian norm, whose squared value is defined as:

W =[R e+ et | as)

and r=[r1 12 . .. r,] is any n-element row or column vector.
In a presently preferred embodiment, Eq. 74 is solved with
the MATLAB Optimization Toolbox, computer software
that is available from the Mathworks, Inc., located in Natick,
Mass. The Optimization Toolbox has a number of programs
that can be used to obtain solutions, i.e., the display-
excitation electrical-input signals, W, of Eq. 74. In a present
embodiment, the program utilized is “nnls,” or “non-
negative linear least squares.” It should be understood that
Eq. 74 must be solved for each pixel, i, j, of the 3D image.
It should also be appreciated that a least-squares solution can
be utilized in any of the embodiments disclosed herein. It
should further be understood that the display-excitation
electrical-input signals are required to be greater than or
equal to zero (i.e., W=0), and therefore constrained opti-
mization methods must generally be employed. However,
unconstrained solutions (for example, as described by the
unconstrained matrix inverse solution of Eq. 25) can be
utilized in cases where such solutions are associated with
positive values of W only. (In this case the unconstrained
and constrained solutions are equal.) As an additional
alternative, unconstrained optimization methods can be uti-
lized in conjunction with setting any negative values
obtained in the solution of W equal to zero, thereby reaching
a suboptimal solution. Constrained methods in which upper
limits are placed on the elements of W should also be
considered to be within the scope of the present invention.
It should also be recognized that any optimization strategy,
including both deterministic and statistical techniques such
as Weiner or Kalman filtering, and also non-linear methods,
can be utilized in solving for and obtaining the display-
excitation electrical-input signals, W, from solution of Eq.
73. The statistical techniques can be of great value when
noise is present in the data. Further, it should be appreciated
that a wide range of different norms can be utilized, for
example, the L.; norm or the L, norm, and also that different
cost functions themselves can be used, for example,
weighted least squares. Such variations in cost functions and
norms, as well as a variety of statistical and deterministic
linear and non-linear estimation techniques, are well known
in the art. Several excellent references to such techniques
are: Digital Image Processing, Second Edition, by Rafael C.
Gonzalez and Paul Wintz, published 1987 by Addison-
Wesley in Reading, Mass. (chapter 5 includes descriptions
of Wiener filtering and constrained optimization
techniques); System Identification: Theory for the User, by
Lennart Ljung, published 1987 by Prentice-Hall in Engle-
wood Cliffs, N.J. (chapter 7 provides information on param-
eter estimation and the least-squares method, including
weighted least squares and statistical properties of the
solutions); and Optimal Filtering, by B. D. O. Anderson and
J. B. Moore, published 1979 also by Prentice Hall in
Englewood Cliffs, N.J. (this book gives an extensive review
of Kalman filtering and recursive least-squares techniques),
all of which are included by reference hereinto.

It is also useful to provide some additional details on the
selection of the number of orthogonal functions used in the
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expansion of the scene radiance and the display radiance. To
do this, consider again Eq. 15, except that the matrix G is
assumed to be an MxP matrix, where M is the number of
two-dimensional planar views, L, (i-a.,,,j—f,.), m=1, . . . ,M,
and P is the number of orthogonal functions used; thus

L=GR (76)
In Eq. 76, R is a column vector of size P. The 3D scene
radiance function, R(i,j,0,¢), can also be decomposed in
terms of P orthogonal functions:

R(:j,0,0)=R"Y(0.4) an

In Eq. 77, Y(8,9) is a column vector of size P (Y(0,¢)=[Y,
(0,9) Yo(6,0) . . . Y,(0,9)]), and R(i,j,0,) a scalar that
denotes the value of the radiance function at pixel (i,j) of the
planar window, 6 and ¢ denote the pan and tilt angles,
respectively, and 7 denotes matrix transpose. Similarly, the
display radiance, D(i,j,0,¢), can be represented as

D(i,j,6,9)=W'B(0.9) (78)

where D is a scalar, W7 is 1xN, and B(0,$)=[B,(0,0)
B.(0,0) . . . By(0,0)] is Nx1. The matrix B(6,4) can be
written in terms of the orthogonal functions, Y(8,¢):

B(0.4)=S"Y(0.0) (79)
where S7 is an NxP matrix. Therefore,
D(i.j,6,9)=WTSTY(0.0) (80)

As disclosed herein, 3D display of a 3D scene is achieved by
driving the planar display with the set of display-excitation
electrical-input signals, W, such that the following approxi-
mate relationship holds:

D, 6,9)=R(5,6,9) (81

From Eq. 81, together with the orthogonality of the elements
Y, of Y, the following relationship is found:

RT=WTs” (82)
Post-multiplying both sides of Eq. 82 by G7, and using Eq.
76, one obtains:

L=GSW (83)
for each pixel (i,j). It should be understood that W is to be
obtained as a solution to Eq. 83. In a presently preferred
embodiment, W is obtained (i.e., encoded by processing the
set of two-dimensional views of the three-dimensional
scene) by solving Eq. 83 according to a method of con-
strained least-squares, i.e., least-squares subject to W=0. It
should be appreciated that in the present invention, the value
of P (i.e., the number of orthogonal functions used in the
matrices G [MxP] and S [PxN]), can be arbitrarily large. In
a presently preferred embodiment, P=200. It should be
understood that use of such a large value of P improves the
degree of approximation in the orthogonal expansions. It is
also to be recognized that the computation of the matrix
product, GS, can be done completely “off-line,” since it is
not dependent on the 3D scene per se.

It is also useful to include herein an embodiment of the
present invention which utilizes a “direct” approach for
producing a three-dimensional image of a three-dimensional
scene. In the direct approach, use is made of the fact that for
many cameras and for many practical configurations (e.g.,
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when the camera is not too close to the 3D scene), the
radiance of a pixel is “sampled” along a particular direction.
This allows the display-excitation electrical-input signals to
be derived without use of an orthogonal expansion. This
embodiment of the invention is described as follows. A
two-dimensional view, L, (i,j), obtained by a camera, m,
“samples” the radiance function R(x,y,0,¢) at particular
angles (0,, ;»9,, ;)- In the present embodiment, the cameras’
optical axes are assumed to be orthogonal to the planar
window associated with the three-dimensional scene. This is
described analytically by Eq. 1, in which it is understood that
a stigmatic camera is to be utilized and that the angle under
which any point of the window sees the input pupil of the
camera is very small, so that the radiance function can be
brought out from under the integral sign. This leads to the
following expression for the 2D view L, (i,j) in terms of the
radiance function, R, after integrating Eq. 1:

L5, ))=4 wd 1, " R(%,, iV,

030155, )3 84

In order to maintain analogy with the equations described
supra (viz., Eqs. 11-14), Eq. 84 can equivalently be

expressed as
L=y~ B )4 A1, "R(55,0,,550m,7)3 ®3)

where the angles (8,,, ;,9,, ;) can be found from the follow-
ing relationships:

Cm
€O jj = —— (86)
\/Crzn i+ Vi
Xm,i
SN0y, COSPm jj = ———— @7
NERTIy
Ym,j (88)

SiNG,p 1jSING,yy jj = —————
2 442 2
\/Cm + X + Vi, j

and R(i,j,0,,, ;19 ;)=R(X,p, Y0150 550 ). 1t is therefore to
be understood that for a given pixel (i,j), there are M values
L,.(i-c.,,,j—B,.), which sample the radiance at (i,j) in M
directions, (0,, ;»%,,,)> and M is the number of two-
dimensional planar views available.

The display radiance is given by Eq. 17, except here the

display pixel (x,y) is denoted as (i,j):

N (89)
D(i, j, 0, ¢) = Z W, )B,0, ¢)

p=1

In accord with the key insight afforded by the present
inventors, the radiance of each pixel of the planar display
must approximate the radiance of each pixel of the original
three-dimensional scene (at the planar window) in order to
produce the desired three-dimensional image. In the present
embodiment this is achieved by obtaining the display-
excitation electrical-input signals in such a way as to
minimize, J, where

21 g (90)
J:f f (R-DYZf(0, $)d0d ¢
0 0

and where f(8,¢) is any suitable weighting function, non-
negative for each 6 and ¢ in the domain of integration.
Typical choices are f(8,9)=1, or f(6,¢)=sin 6. In the present
embodiment, f(0,)=1, although f(8,¢) is used infra in order
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to give explicit expressions in the more general case. It is to
be understood that such minimization of J is to be done for
each pixel (i,j), and further understood that such minimiza-
tion is to be achieved subject to W>0. It should be appre-
ciated that in the present embodiment the display-excitation
electrical-input signals are derived by comparatively evalu-
ating the difference between the radiance of the three-
dimensional scene with the radiance that would be produced
by the planar display. In the present embodiment, the mini-
mization of J (i.e., the determination of W) is achieved by
taking the derivatives of Eq. 90 with respect to the elements
of the vector, W, and obtaining the following equations:

b4 N b4
or % on o
f szqu(o, Odod ¢ = E U szquf(O, ¢)d€d¢}wp
0 0 0 0
p=1

©n

which hold for every q, and for each pixel (i,j). In the present
embodiment, the integral of RB, must be evaluated
numerically, using the discrete samples of R at angles
0, ;5% ), ie., using Eq. 85. In a presently preferred
embodiment, the integral on the left side of Eq. 91 is
evaluated using a numerical approximation:

Lnli = @y j = Bn) ©2)

Il By Omijs Pmi) f Oumiis P ij A0 AB,,

M
&,:Z

m=1

It should be understood that Eq. 92 is evaluated for 1=q=N,
and an N column vector, S, is formed from the elements S,
as S=[S; S, ... Sy]". An NxN matrix A, with elements, A,
is also defined according to:

2n g (93)
Ay = fo fo B0, $)B,(6. )/ 0. $)d 04 9

It should be also understood that Eq. 93 can be evaluated and
stored prior to any image data being collected, since the
integral is dependent only on the properties of the planar
display itself. Finally, an Nx1 column vector of display-
excitation electrical-input signals is defined, W=[W, W, . .
. W, T, and thus Eq. 91 can be expressed as:

AW=S ©4
It should therefore be understood that in the present embodi-
ment of the invention, Eq. 94 is solved in a least-squares
sense, subject to the constraint that W=0, i.e.,

W=arg min||4 W-S]|,> 95)

subject to W=0. It should be appreciated that the display-
excitation electrical-input signals, W, obtained as solutions
of Eq. 95, will produce a three-dimensional image of a
three-dimensional scene when connected to the planar dis-
play. It should be further appreciated that any other optimi-
zation method, including statistical or deterministic
techniques, both constrained and unconstrained, can be
utilized in the solution of Eq. 94, that is in the processing of
the set of M two-dimensional views for encoding into the
set, W. It should also be recognized that any numerical
integration procedure (including a variety of interpolation
and extrapolation schemes) may be utilized in the evaluation
of the integrals contained in Eq. 91. A good reference on
some of these integration methods can be found in the book
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Numerical Recipes in Fortran The Art of Scientific Com-
puting Second Edition, by William H. Press, Saul Teukolsky,
William T. Vetterling and Brian P. Flannery, published 1992
by Cambridge University Press, Cambridge, England (see
especially chapters 3 and 4, and the references contained
therein). It should also be recognized that other cost
functions, not only least-squares, can be utilized for solving
Eq. 94, and should be considered to be within the scope of
the present invention. In this regard, it is to be appreciated
that different cost functions will produce different degrees
and types of approximations of the planar display of the
three-dimensional scene, one or more of which may be
preferred in certain applications. For example, it may be of
interest to generate a three-dimensional scene only over a
relatively narrow range of angular orientations; this may
lead most suitably to a weighted least squares problem, in
which the errors in radiance within the angles of interest are
given more emphasis in the solution for W. It should also be
recognized that although in this direct approach the cameras
were assumed to be parallel, the methods and apparatuses
disclosed herein can be utilized when one or more of the
cameras (or 2D views) are tilted, or for any of the embodi-
ments disclosed herein such as for display within a limited
range of angles and directions.

Finally, it is useful to provide a characterization of the
degree of error introduced in the display of the three-
dimensional scene, according to the methods disclosed
herein. A general expression for the error, E, may suitably be
given by

(96)

I on pE
E=Z_Zfozf02“"”’f’0’¢)‘

J=1i=1

DG, j, 0, Vg5 [RU, J, 0, $)Iwi (6, $)d 0d

In Eq. 96, R(i,j,0,4) is the actual radiance of a given
three-dimensional scene, D(i,j,0,¢) is the radiance of the
planar display, and g, -] and w,(6,9) are weighting functions
designed to emphasize particular aspects of the errors
between the radiance produced by the planar display and the
actual scene radiance. It should be appreciated that Eq. 96
can be used to assess not only the quality of the three-
dimensional reconstruction by the planar display, but also
can serve as a means by which to design in a quantitative
fashion numerous aspects of the overall 3D display system.
For example, Eq. 96 can be used with a set of 3D “test/
design” scenes, to obtain an optimal placement of LED’s
within each sub-pixel, said optimal placement being under-
stood to include selection of the angular orientations for
each of the LED’s in each sub-pixel as well as the numbers
of LED’s employed in any sub-pixel. A variety of design
parameters and features can be determined in this manner,
including the design of an optical system included with the
planar display (e.g., design of prisms, lenslet arrays, and
light phase encoders), the number and type and selection of
orthogonal functions utilized, the number and orientation of
the planar views collected, as well as the optimization
routine used for determining the display-excitation
electrical-input signals. In general, it should be understood
that any aspect of the 3D display system can be designed and
optimized using an evaluation of the error based on Eq. 96
(that is, the design uses a comparative evaluation between
the radiance function of a three-dimensional scene and the
radiance function associated with said planar display
device). It should also be understood that the primary utility
of designs based on Eq. 96 or versions of it will generally
rely on computer simulations (i.e., software
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implementations) of the planar display radiance, as well as
for computing the actual 3D scene radiance function. In the
present embodiment of the invention, this is most suitably
achieved with 3D Studio,” which is available from
Autodesk, Inc., located in San Rafael, Calif. and with
Lightscape, available from Lightscape Technologies, Inc.,
located in Montreal, Quebec, Canada. Finally, it should be
recognized that Eq. 96 should not be considered limiting
with respect to the definition of error, as other functions can
be defined besides ones utilizing the squared error (for
example, an absolute or maximum value (infinity) norm).

It is useful to include herein an evaluation of Eq. 96 for
an embodiment using orthogonal functions, the one
described by Egs. 11-25. It may straightforwardly be shown
then, due to the orthogonality property, that the error, E,
defined as

Ly e ()
E=ZZ[ f [RG, j, 0, ) — D(i, j, 0, $)|?sin(0)d 0d ¢
Fli=r Yo Yo
is given by
(98)

E= Z (Ry =D,
=1

where R, is the p™ coefficient function in the (complete or
infinite) orthogonal expansion of the actual (known) 3D
scene radiance, R(1,j,8,9), i.e.,

ol 99
RG, j,0.¢) = Z Rp(i, DY, (0, $)

p=1

and D, is the p™? coefficient function in the (complete or
infinite) orthogonal expansion of the planar display
radiance, when driven by (i.e., connected for response to)
the set of display-excitation electrical-input signals, W, that
is,

o (100)
D, j, 0,¢)= Z D, (i, Y0, ¢)

p=1

and D,(i,j) is given by Eq. 20, shown here with pixel
labeling (i,j) replacing pixel labeling (x,y):

N (101)
Dyli, )= Y spaWpli ) g =1,2,3, ...
=1

Eq. 98 thereby can be used to compare various designs for
the planar display, including optical systems and other
mathematical design parameters (e.g., orthogonal function
selection). Similar error analyses may be carried out with
any of the embodiments described herein. These analysis
will include different expressions for the error, E, which will
be understood to depend on the specific method used to
obtain the display-excitation electrical-input signals, W, as
for example with a direct (orthogonal series) approach or an
indirect approach.

Finally, it is to be understood that the invention as
disclosed herein can be embodied in any display means in
which it is possible to control the radiance patterns of the
pixels of the display means, through a set of display-
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excitation electrical-input signals. Thus, it is to be recog-
nized that this control of the radiance patterns in the spirit of
the present invention can be achieved using any number of
approaches, besides optical systems per se, which for
example can include adaptive optical systems (AOS) and
microelectromechanical systems (MEMS). Two excellent
references on these two respective topics are Principles of
Adaptive Optics, Second Edition, by Robert K. Tyson,
published by Academic Press, Boston, Mass., in 1998, and
the Special Issue of the Proceedings of the IEEE entitled
“Integrated Sensors, Microactuators & Microsystems
(MEMS)”, Volume 86, No. 8, pp. 1529-1812, August, 1998,
both of which are included by reference hereinto.

While several embodiments of the present invention have
been disclosed hereinabove, it is to be understood that these
embodiments are given by example only and not in a
limiting sense. Those skilled in the art may make various
modifications and additions to the preferred embodiments
chosen to illustrate the invention without departing from the
spirit and scope of the present contribution to the art.
Accordingly, it is to be realized that the patent protection
sought and to be afforded hereby shall be deemed to extend
to the subject matter claimed and all equivalence thereof
fairly within the scope of the invention.

It will be seen that the described invention meets all stated
objectives as to the three-dimensional display of three-
dimensional objects and scenes and for the computer graph-
ics display of images, with the specific advantages that it
provides for true multiviewpoint and autostereoscopic
capabilities, as well as for efficient storage and display of 3D
graphical images. Moreover, the disclosed apparatus and
method provides herein for the first time a coherent and
comprehensive mathematical framework by which the
three- dimensional display of three-dimensional scenes may
be achieved. In summary, it should be noted that the inven-
tion as presently disclosed provides for the following advan-
tages and improvements:

i. True multiviewpoint capabilities, thereby allowing a
group of people to view the three-dimensional images
from a continuum of viewpoints, and thereby allowing
each individual to observe a distinct three-dimensional
vView;

ii. Autostereoscopic capability, without the use of viewing
glasses or any type of head locator/detector means;

iii. A natural and accurate display of the three-
dimensional scene, which does not cause or lead to
viewer fatigue;

iv. Compatibility with standard (two-dimensional) televi-
sion technology; and

v. Practicality and cost-effectiveness in comparison with
other systems; and

vi. Innovative display technology offering faithful repro-
duction of 3D scene radiance; and

vii. Allows for the possibility for direct evaluation of the
display signals from a set of 2D views, thereby offering
greatly simplified implementation and minimal pro-
cessing delays; and

viii. Efficient storage and display in computer graphics
applications.

What is claimed is:

1. A method for producing a three-dimensional image of

a three-dimensional scene, comprising the steps of:

(2) using a set of M two-dimensional views of said
three-dimensional scene to produce a set of display-
excitation electrical-input signals; and

(b) driving a planar display device with said set of
display-excitation electrical-input signals to produce
said three-dimensional image of said three-dimensional
scene
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wherein said planar display device is comprised of a
plurality of pixels driven by said display-excitation
electrical-input signals and each pixel within said plu-
rality of pixels is comprised of a plurality of sub-pixels
adapted for controlling the radiance pattern from said
pixel.

2. An apparatus for providing a three-dimensional image

of a three-dimensional scene, said apparatus comprising:

(a) encoding means for processing a set of M two-
dimensional views of said three-dimensional scene to
obtain a set of display-excitation electrical-input sig-
nals; and,

(b) planar display means comprised of a plurality of pixels
connected for response to said set of display-excitation
electrical-input signals, whereby to produce said three-
dimensional image of said three-dimensional scene,
wherein each pixel within said plurality of pixels is
comprised of a plurality of sub-pixels, said plurality of
sub-pixels being adapted for controlling the radiance
pattern from each of said pixels within said plurality of
pixels.

3. The apparatus according to claim 2, wherein said
encoding means obtains said set of display-excitation
electrical-input signals using a least-squares solution.

4. The apparatus according to claim 2, wherein said
encoding means obtains said set of display-excitation
electrical-input signals using a constrained least-squares
solution.

5. The apparatus according to claim 2, wherein said
encoding means obtains said set of display-excitation
electrical-input signals using a weighted least-squares solu-
tion.

6. The apparatus according to claim 2, wherein said
encoding means obtains said set of display-excitation
electrical-input signals using a multiresolution wavelet
expansion.

7. The apparatus of claim 2 wherein said encoding means
includes means for comparatively evaluating the radiance
pattern of said three-dimensional scene with the radiance
pattern associated with said planar display means.

8. The apparatus of claim 2 wherein said three-
dimensional image comprises an autostereoscopic image.

9. The apparatus of claim 2 wherein said display means
includes a reflecting screen.

10. The apparatus of claim 2 wherein said display means
includes a grating light valve display device.

11. The apparatus of claim 2 wherein said display means
includes an afocal optical system.

12. The apparatus of claim 2 wherein said display means
includes a focal optical system.

13. The apparatus of claim 2 wherein said display means
includes a reflecting screen and a focal optical system.

14. The apparatus of claim 2 wherein said display means
includes a reflecting screen and an afocal optical system.

15. The apparatus of claim 2 wherein said three-
dimensional image has only two degrees of freedom.

16. The apparatus of claim 2 wherein said encoding
means includes means for equalizing the radiance of said
display means with the radiance of the three-dimensional
scene.

17. The apparatus of claim 2 wherein said encoding
means includes a neural network.

18. A method for designing a system used to produce a
three-dimensional image of a three-dimensional scene, com-
prising the steps of:

performing a comparative evaluation of the radiance
function of said three-dimensional scene and a radiance
function associated with a planar display device of said
system; and,
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configuring a component of said system responsive to said
comparative evaluation.
19. A method for producing a three-dimensional image of
a three-dimensional scene, comprising the steps of:

(2) using a set of two-dimensional views of said three-
dimensional scene to derive a plurality of samples of a
first radiance function, said first radiance function asso-
ciated with said three-dimensional scene at a planar
window;

(b) determining a quantitative relationship between (i) a
second radiance function associated with a planar dis-
play and (ii) a set of display-excitation electrical input
signals, said planar display comprising a plurality of
pixels and each of said pixels comprising a plurality of
sub-pixels;

(c) generating said set of display-excitation electrical-
input signals using said quantitative relationship and
said first radiance function, said set of display-
excitation electrical-input signals configured to mini-
mize an error between said first and second radiance
functions; and,

(d) controlling said planar display responsive to said set of
display-excitation electrical input signals whereby to
set said second radiance function about equal to said
first radiance function and produce said three-
dimensional image of said three-dimensional scene.

20. The method of claim 19 wherein said controlling step
includes the substep of controlling the radiance of each of
said pixels of said planar display responsive to said set of
display-excitation electrical input signals.

21. The method of claim 20 wherein said substep of
controlling the radiance of each of said pixels includes the
substep of adjusting the intensity of each of said sub-pixels
of each of said pixels responsive to said set of display-
excitation electrical-input signals.
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22. An apparatus for producing a three-dimensional image
of a three-dimensional scene, comprising:

(a) means for deriving a plurality of samples of a first
radiance function using a set of two-dimensional views
of said three-dimensional scene, said first radiance
function associated with said three-dimensional scene
at a planar window;

(b) means for determining a quantitative relationship
between (i) a second radiance function associated with
a planar display and (ii) a set of display-excitation
electrical input signals, said planar display comprising
a plurality of pixels and each of said pixels comprising
a plurality of sub-pixels;

(c) means for generating said set of display-excitation
electrical-input signals using said quantitative relation-
ship and said first radiance function, said set of display-
excitation electrical-input signals configured to mini-
mize an error between said first and second radiance
functions; and,

(d) means for controlling said planar display responsive to
said set of display-excitation electrical input signals
whereby to set said second radiance function about
equal to said first radiance function and produce said
three-dimensional image of said three-dimensional
scene.

23. The apparatus of claim 22 wherein said controlling
means includes means for controlling the radiance of each of
said pixels of said planar display responsive to said set of
display-excitation electrical input signals.

24. The apparatus of claim 22 wherein said means for
controlling the radiance of each of said pixels includes
means for adjusting the intensity of each of said sub-pixels
of each of said pixels responsive to said set of display-
excitation electrical-input signals.
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