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Neural network: -an be a powerful tool for non-linear signal
processing and systems modeiling We present a class ©  ~zural
netw.-» taszd non-linear models suitable for appiication in the
predictic T error systems identification method The parameiers of
this clas. of models include a local interconnection neighborhood
size. a time constant which characterizes the neurons, a weight
matrix, and input output interc ‘nnection martrices. We also present
some examples of the svstem benavior for different values of these
parameters to evaluate the suitabilty of the neural networs
prediction error madel to fit 3 wide class of systems The method
is then applied to train the net to perform three classical problems:
generation of Van der Pol oscillations, estimation of a sum of
cosines in additive white gaussian noise, and prediction of a
chaotic time series generated by the logistic function.

NTR } N

Recent!s neural networks have found applications in such
areas as optimization, pattern recognition and control, often with
encouraging results. However, their appearance in signal proces-
sing has been slower and very little has been published on this
particular application ares. Until now, the problem of system
modelling and prediction with neural nets has been treated using
feed-forward neural nerworks and a classical learning algorithm,
the back-propagation algorithm [1] This algorithm performs a
steepest descent on the prediction error over a set of discrete time
samples from a segment of a known signal. However this network
lacks the properties of a dynamical system because of the absence
of feedback between its elements. And although it achieves good
performance on a class of ergodic time series it cannot be used as
a generic class of models of dynamical systems, especially non-
stationary ones.

System identification provides a powerful framework for
modelling these systems and predicting their behaviour. In [2]
Ljung defines system identification as "building mathematical
models of dynamical systems based on observed data from the
systems." To achieve this goal three entities are needed:

1- A sequence of data points from an experiment on the
system.

2- A set of candidate models.

3- A criterion by which to evaluate the best model of the

system.
With these basic entities the identification process can be carried
out to select the model best fitting the data sequence. Many
models have been suggested for linear time-invariant systems.

These models however. cannot represent all systems occurring in
real life, for which non-linear models are needed The probiems
become more complicated with non-stationary systems, éspecially
when we have ver little information about the system we are
trying tc model. To identify the parameters of the model, we
follow the approach calied "Prediction Error Method™ introduced
by ! jung and which provides a methodology for the actual
idenufication process.

in section [I this approach is presented while in section Il a
derailed description of the neural network model i zarr.ed out
After that we discuss the preliminary results we obtained and we
postulate on the usefulness of these models 10 be used in ‘ystem
identification.

THE PREDICTION ERR METHOD
To describe this approach, let Z¥ be a sequence of data

comprising N inputs and outputs generated by the real system at
times 1=1,2 ... ,N. For time series analysis, the set of inputs in this
seqsence corresponds to the empty set. The prediction error of a
given model M(®) is defined as

2(1,8) = y(1) - y‘“(qe)

where © is a-set of parameters describing the model, y™ is the
output of the model and y is the output of the real system.
Identifying the system is the process of minimizing a function of
the prediction error over the whole data sequence. The prediction
error cost function can be computed using a nerm of the error
sequence e(t). t=1,....N, which can be written as

N
Ve.zMN) = I/N T
t=]

f(e(t,0))

wpere f is a scalar valued function. The optimal set of parameters,
© , is the one that minimizes the function Yy

8 = arg min V8, 2").

The minimization of Vy can be carried out using many classical
techniques. Among these we consider simulated annealing (3] or
a fast version of it which has recently been proposed [4]. The
Alopex algorithm [5] has also been applied as 2 stochastic descent
for neural networks.

The problem we would like to solve is, given a time series,
to find a model which is capable of predicting one or more future
points in this time series, based on a set of past observations.



These observations may consist of the time series past iself but
may also include observations from other time series (the muliti-
channel casei. For this we define a model based on neural
networks which we describe :n the next section. The global
approach we envision can be summarized by the following steps:
Step 1 Initialize the model parameters with 1ntial values,
Step 2: Estimate the prediction error sequence based on the
data set and the current model parameters
Step 3 Calcuiate the error cost funcuon
Step 4 Updare the parameters and repeat step 2 until
gonverzence
THE NEUKAL N . MOD
Our neural network class of models is shown in fig.1. It s
built around a set of n neurcns arranged in a linear or two-
dimensicnal fashion. Each neuron is connected to the neurons
belonging tc a certain neighborhood defined by iis size and
topolozy. The connecuvity between the neurons is expected to
provide the dvnamical behavior ¢” the model. One or more
channeis are connested to an input laver of linear non-
interconnectsd elements which maps these channeis onto the neural
net imiddle laver) via an inpur matrix called M1. Similarly, an
ouinut laver of linear summation elements connects the neurons’
Cuspuls to a number of output channels via a connection matrix
M2 While the elements of the input and output layers are linear,
a continuous non-linear output function for each neuron is used in
the middle laver and is illustrated in fig. 2. The dynamics of this
system can be described by a set of differential equations

n
Cidu,/dt = -u/R; + ¥ WuyJ + [
j=l
y=slu)

where C, and R, are the input capacitance and resistance of neuron
i, as described in [6]. W is the nxn weight matrix of the middie
layer, and 1, is the input current to umit i. u, is the output of the
amplifier before the non-linearity s, and y, is the output of neuron
1.

The set of parameters on which the identification is carried
out is the following:

1. The weight matrix of the middle laver of neurons. This
matrix comprises n® elements where 1 is the number of neurons.
To insure stability, W is restricted to being svmmetric with zero
diagonal elements.

2. The size and topology of the neighborhood. This
parameter defines the connectivity of the neural net.

3. The average time constant of the neurons. Each time
constant can be defined as the product R,C, for neuron i where R;
depends on the weight matrix.

4. The input and output connection matrices. These
matrices define a mapping of the input and cutput channels onto
the neurons in the middle layer.

This set of parameters completely defines our class of
models for the prediction error identification method. We
simulated the system for several different values of these para-
meters on a deterministic cosine input function to investigate its
behavior. The simulation was carried out by means of an adaptive
step second order Runge Kutta method. Fig. 3 shows the dramatic
effect of the size of the neighborhood on the output of the system.
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Fig 1 Structure of the neural network class of modeis for prediction
error identification method.
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Fig.2 Basic structure of the neuron with a sigmoidal non-linearity.

1n a simuar way, keeping the size of the neighborhood constant
and varving the average time constant of the neurons produces a
wide range of dyvnamical behavior. The outputs range from almost
a clipping behaviour for a small time response to a delayed low
pass filtered version of the input and between these two extremes,
lies a rich set of intermediates which may prove useful for
identification. In fig. 3, 9 neurons were used. The other para-
meters were chosen MI={1 00010001}, M2={011101110)],
time constant = 0.3, neighborhood size = 3, and W was generated
randomly with a uniform distribution, always with the same seed.

APPLICATIONS

In order to investigate the potential of our non-linear class of
models we investigated its performance on a few classical prob-
lems. The first one consists of emulating a non-linear system
typified by the Van der Pol oscillator. This system behaves
according to the differential equation

d¥x/de? + w(1-x?) dx/dt + x =0

It admits a limit cycle, toward which all trajectories tend. For
this problem, 9 fully connected neurons were used with time
constants between 0.1 and 10. The input to the net was an impulse
and the output consisted of 2 channels corresponding to x and its
derivative dx/dt. The training data was generated using Van der
Pol's equation with p=1. After training the net on 30 points , the
neural net admitted the same limit cycle as the one of the training
set, thus successfully emulating the oscillator. Fig. 4 shows a
trajectory and the limit cycle respectively of the oscillator and the
trained neural net.
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Fig.3 Response of the model to a cosine function inpwt ang
different neighborhood sizes. All parameters are constant : n=9

neurons connected in a 1-D patiern. the sizes of the neighborhoods

were | in 3a. 3 in 3b and § in 3c.

Another application was considered, which consists of esti-
mating a sum of cosine signals in noise. We chose three cosines of
frequencies 1,3 and 10 respectively in additive gaussian noise with
zero mean and unit variance. Training was performed using the
noisy signal as input to the net and the clean sum of cosines as a
desired output. Minimizing the error between the dynamical
response of the neural net and the desired function allowed us to
train the net. The performance of the neural net on the training
set and on 25 subsequent points is illustrated in Figs. 5. Although
the error on the last 25 points in Fig 6b is considerably larger than
the one in the previous 25 points, which belong to the training set,
the network is often able to extract the desired signal, even when
the noise component is large. For this problem, 9 fully connected
neurons were also used with time constants between 0.1 and 10.

The last application is the prediction of the logistic function,
which in its discrete version can be described by

xn#l =k xa“"xn]‘
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Fig 4 Neural net emulcion of the Van der Pol oscillator. The solid
line shows a trajectory and the limit cycle of the oscillator. The
dotted line shows the behavior of the neural net after training.

4 —_— —

sl

‘aéﬂ E 40 0 80 k'l ac
Fig.5 Neural met estimation of a sum of cosines in noise. The solid
and broken lines represen: the input and desired owput of the net,
while the dotted line represents the actual oulput of the estimator.
The first 30 poinis in this graph are from the iraining set.

For the purpose of the prediction we chose a value of k=4,
for which the series is quite chaotic. The structure of the net also
consisted of 9 fully connected neurons with time constants ranging
between 0.1 and 10. The training was performed by presenting the
net with 50 consecutive points in the time series, and a desired
output consisting of the one-step ahead prediction. The net learned
to emulate the logistic function and was able to predict it quite
accurately both on the training set and on the whole time series,
including points it never :aw before. Figs. 62 and 6b show the
neural net's performance on the training data and on the following
50 points respectively.

DISCUSSION AND CONCLUSION

The choice of error criterion, mentioned earlier, is critical
for the performance of a given model. For the particular case of
a least mean square error criterion, the optimal predictor is known
to be the conditional mean estimator. For gaussian statistics, it is
known that the optimal predictor is a linear system. Linear system



weight matrix for example, we couid envisage 2 combination of
isimu]a(ed annealing and the analytical solution to provide more
q rapid convergence.
Ancther theoretical issue that could lead to more effective
_ computation of the optimal parameter vector is neural network
canonical forms, We are exploring various neural network
parameterizations which have a minimal number of parameters.
" This should improve the efficiency and accuracy of the identifica-
tion scheme. We are also investigating the development of a cost
< funcuon which accounts for neural network complexity, similar to
the Akaike information criterion [2)
The success of the identif:cation scheme depends on the
correct choice of the cost funcuon. In the same line of thought as
_ the mean sguare cost function. one could envision a higher
exponent affectung the prediction error instances, possibly
fractional and coupled to a forgerting function. This function

«+  scwould put emphasis on the most recent occurences in the time
— series and yet not neglecting totally the previous ones, as happens

in the back-propagation models previously proposed, where the
_ aumber of inputs in the neural network correspond to a window in
| rhe ume series rather than 10 a number of channpels.
Neural petwork prediction error identification is 2 new
7 approach which may have significant applications in time series
‘ analysis, prediction and moadeling, Further research, both analy-
< tical and computer simulation studies, is necessary to determine if
this approach can provide performance of sufficient guality to
make it a practical alternative to current system identification
methods. The work presented here should provide the basis for
further studies.

ACKNOWLEDGEMENT

53 ¢ -] (1<} Bs

Fig.6 Neural network prediction of the logistic function. Fig 6a
shows the performance of the nel on the training dcia. while Fig.6&
shows its reponse to daia not seen before. Solid and broken lines
represent the input and desired output of the net while the dotted
line represents the actual owpwut of the predictor.

models however, have a limited scope of applications especially in
time series where often a chaotic behavior is observed, a charac-
teristic of non-linear dynamical systems. The application of linear
predictors to non-gaussian stochastic processes leads in general to
non-optimal performance. This prompted the development of new
methods such as higher order spectral estimation for non-Gaussian
processes. In [7] a framework for defining a criterion is presented
to allow a good generalization performance in layered neural
networks. Our approach is different from this one but aims to
achieve the same goal. We are currently investigating the useful-
ness of the above neural network model in the identification
scheme. The minimization of the prediction error cost function is
initially to be performed by the fast simulated annealing algorithm
[4). This is a stochastic descent technique similar to conventional
simulated annealing but which uses Cauchy distributions (instead
of Gaussian) to allow a more efficient search in the parameter
space. Together with this numerical approach, we are investigating
the derivation of an analytical updating rule for the system by
expressing the partial derivative of the cost function with respect
to each of the parameters [8]. Even if the latter approach can be
solved only for a subset of the parameters, the weights in the
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